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Motivation

Numerical Solutions of Initial Problems

vi =f(t,y1, - ¥n) y1(to) =y10

Yo =fa(t,y1,- -+ 1 ¥n) Yn(to) =yno

yi(t) =2, ya(t) =7 for t € [to, tmax]
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Numerical Solutions of Initial Problems

i =f(t,y1, Yn) yi(to) =10
Yo =fa(t, Y1, <+ 1 ¥n) Ya(to) =yno
yi(t) =2, ya(t) =7 for t € [to, tmax]

v

Taylor Series

4 }’;(k)(to) K
yi(t) = yi(to) + > o (E = 10)" + Rm(t)
k=1 ’




Elementary Functions

Function f is elementary iff
1) f(t) = c where c e R
) f(t) = awhere a € {t,yi(t), -, ya(t)}
3) f(t) = g(t) where g € {sin, cos, exp,~1 }
) £(t) = g(t) + h(z), £(t) = g(t) — h(t), f(t) = g(t) * h(t), where g, h
are elementary functions

5) f(t) = g(h(t)) where g, h are elementary functions
6) Elementary function is only obtained by finite combination of rules

1-5. y
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Mathematical Derivations

(F() + g()) =F(£) +&'(t)
(F(£) = g(8)) =F(£) * g(£) + (1) 5 /(1)
sin(t)’ =cos(t)
exp(t)" =exp(t)
(g(t)) =& () * (&(1))




A~/
a+ b =plus(a, b)
a— b =minus(a, b)
ax b =mult(a, b)
a~! =over(a)
f(t) =Af(t)

v

First look at derivations

Aplus(x, y) =plus(Ax, Ay)
At =1
Asin(exp(t)) = mult(Aexp(t), cos(exp(t))
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Regular Expression over ¥

o (is RE
@ ¢is RE
e Vae X are RE

If R,S are RE then:
e R|SisRE
e RS is RE
e R*is RE

v

Extended RE over X

o if R is RE, then it is also Extended RE

o if Ris RE, then %n < R > (n€ {1,---,9}) is extended RE
denoting R.
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VseX*Vze X,VieN

count(z,s) - number of z occurrences in s.
sub(i,s) - first i characters from s.

len(s) - number of characters in s.

Pair Safe RE over X (PS-RE)

R is PS-RE over ¥ considering a pair (x,y) € X x X iff
Q@ RisRE

@ Vs € R: count(x,s) = count(y,s)
@ Vs € R,V1 < i <len(s): count(x,sub(i,s)) > count(y, sub(i,s))

pair = ((,)), R = sin(.*), s = sin(plus(exp(t), t)) J
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Grammar with PS-RE

G = (T,N,P,S,A)

T - input alphabet TN L =0

N - finite set of non-terminals NNL=0=NNT

SeVvt

AeTxT

P - rewrite rules: LS — RS, where LS is PS-RE considering A, RS € W*J

L=1{%1, - %9}
V=TUN
W=VUL
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Mathematical Derivations

Global Rules

Aplus(%l < * >, %2 < .* >) — plus(A%1, A%2)

Aminus(%1 < .* >, %2 < .* >) = minus(A%1, A%2)

Amult(%l < .* >, %2 < .* >) — plus(mult(A%1, %2), mult(%1, A%?2))
Aover(%1 < .* >) — mult(A%1, mult(over(%1), over(%1)))

Asin(%1 < .* >) — mult(A%1, cos(%1))

Acos(%l < .* >) — mult(—1, mult(A%1, sin(%1)))

Aexp(%l < .* >) — mult(A%1, exp(%1))

At —1

A-?0-9]" =0
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Simplifications

plus(0, %1 < F>) = %1
plus(%1 < .* >,0) — %1
mult(0, %1 < *>) —
mult(%1 < . $>.0) -
mult(1, %1 < *>)— %
mu/t(%l <*>1)—= %1
over(l) = 1

sin(0) — 0
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y]/_ :ﬂ(t)yla e )yn)

yr/1 :ﬁI(tLylv"' 7}’n)

I
G=(T,N P S A)

T={t, v1,- -+ ,¥n (, ). sin, cos, exp, plus, minus, mult, over, 0, - - -

P: global U simplificationU

{Ayl — f;'(tvyla'” ,_)/n) | y’/ = ﬁ(t’ylv'" ;yn)
is in set of differential equations}

9}
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Aplus(1, exp(t))

Aplus(%l < .* >, %2 < .* >) — plus(A%1, A%2)

AP N G4
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Aplus(1, exp(t)) = plus(Al, Aexp(t))

A—2[0— 9" =0

AP N G4
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))

Aexp(%l < .* >) — mult(A%]1, exp(%1))

AP N G4
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))
= plus(0, mult(At, exp(t)))

plus(0,%1 < .* >) — %1

AP N G4
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))
= plus(0, mult(At, exp(t))) = mult(At, exp(t))

At — 1

2a¢
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))

= plus(0, mult(At, exp(t))) = mult(At, exp(t)) = mult(1, exp(t))

mult(1,%1 < .* >) = %1

DQAC
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))
= plus(0, mult(At, exp(t))) = mult(At, exp(t)) = mult(1, exp(t))
= exp(t)

Do
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Aplus(1, exp(t)) = plus(Al, Aexp(t)) = plus(0, Aexp(t))
= plus(0, mult(At, exp(t))) = mult(At, exp(t)) = mult(1, exp(t))
= exp(t)

A2 mult(sin(t), t) =? )

DQAC
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Derivation Closure

Let f : R — R be an elementary function and let Fy = {f}. We define
the set F;,0 < i by

Fi = {fa fla‘ o 7fn|Vf S Fi—l» f/(t) = P(fl(t), o afn(t))ap € P}

The derivation closure F (if it exists) is then defined by

F=|JF

(@

1

. . )
We will use a notation f — F.

e 2 {e9(),sin(t), cos(t)}
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Property of Derivation Closure
| Fi |=| Fipa | F=Fi

Generating Derivation Closure from Initial Problem

Input: Set of differential equations
Output: Derivation closure of the input set
1) Fo=1{y1,"*" ,yn}
2) i=1
3) repeat

Generate F; from F;_q;

i=i+1;

until | F; ‘:| Fi_1 | :

14 /19



Polynomial Transformation

Transformed set of equations

=y
yé = V4
yi = e Ve =y
yi(to) = y10 y1(to) = y1,0
» ya(to) = g4 (t)
esin(t) 9, {1 (t), e, y3(to) = cos(to)
sin(t), cos(t)} ya(to) = sin(to)
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Higher Order Derivations

Transformed set of equations

=y
¥ = 3y
(n) (n—1) yé o
no=»x Ya =3
n(t) = y10
ya(to) = &)
y3(to) = cos(to)
ya(to) = sin(to)
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Higher Order Derivations

Transformed set of equations

=y
vs = ysy2
(n) (n—1) yé _
Nn-=»x Yo =1Y3
}/2/ = )2y3
n(to) = y10
ya(to) = &)
y3(to) = cos(to)
ya(to) = sin(to)
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Higher Order Derivations

Transformed set of equations

=y
vs = ysy2
(n) (n—1) yé _
Nn-=»x Yo =1Y3
}/2/ = )2y3
Y3 = Y3y + y2¥5 i(to) = y10
ya(to) = &)
y3(to) = cos(to)
ya(to) = sin(to)
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Higher Order Derivations

Transformed set of equations

}/{ = )2
=
() (n_1) Y3/, = V4
n n—
no=»x Ya=y3
}/2/ = )2y3
Y3 = Yays + va¥5 n(t) = y10
" 1 ! ! 1"
Yo = Y23+ 20053+ yoy3 yo(to) = (%)
y3(to) = cos(to)
y4(t0) = Sln(to)
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Higher Order Derivations

Transformed set of equations

=y
o
() (n_1) Y5=—ya
n n—
no=rxn Ya=Ys
Y2 = Y2¥s
Y3 = Yays + va¥5 n(t) = y10
" 1! ! ! 1
Yo = Y23+ 20053+ yoy3 yo(to) = (%)
n
+1 n —k) (k to) = cos( tp
Y= <k)y2(n )y y3(to) = cos(to)
k=0 ya(to) = sin(to)
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Multidimensional Pascal’s Triangles

m
where >0 ki =n
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Multidimensional Pascal’s Triangles

(yryo - - -ym)(")

m
where >0 ki =n

s(k)

1 n! s(k) (k(J
Zm s(K)) T2 (2 e ) H‘“’(k)k) H

where s(k) = >, o (1 — 0k0)
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Derivations

Input set of equations

/

=1y
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Derivations

Input set of equations

=y
" o__
Y=y n=r
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Derivations

Input set of equations

=y
y{ =y3 }’{/ =2
yﬁ =y ylm =N
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Derivations

Input set of equations

=y
y{ =y3 }’{/ =2
yﬁ =y ylm =N

4
Y3 =y Y=y
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Derivations

Input set of equations
y{ =¥
y{ =y3 )’{/ =)
yﬁ =y ylm =N
/I (4) _
Y3 =2 Yi =3

(3.1,2) J
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Derivations

Input set of equations
y{ =¥
y{ =y3 )’{/ =)
yﬁ =y ylm =N
/I (4) _
Y3 =2 Yi =3

(3,1,2) J
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Derivations

Input set of equations
y{ =¥
y{ =y3 )’{/ =)
yﬁ =y ylm =N
/I (4) _
Y3 =2 Yi =3

(31,2 =(23,1) |
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The End

Thank you for your attention!
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