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Motivation

m Turing machines (TMs):

e Weak data structure and “instruction” set.
e Easy to analyse.

m Can TMs implement arbitrary algorithms?

e Does their computing strength suffice?
e How efficient are they compared to real-world systems?

m We will look at other models of computation, especially at random
access machines (RAMs) which model computers capable of
handling arbitrarily large integers.
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Motivation — Assembly Language

m C-language code:

1 unsigned int getmax (unsigned intx a)
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unsigned int max =
while
if

*aj;
(xa > 0) {

(*a > max)

max = *a;

++a; }

return max; }

m Assembly language (x86-64):
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.L4:

getmax:
pushq

movq
movqg
movq
movl
movl

jmp

movq
movl
cmpl
jbe

%rbp

%rsp, %rbp
$rdi, -24 (%rbp)
-24 (%rbp),
($rax), %eax
-4 ($rbp)

$rax
%eax,
-24 (%rbp),

(%$rax), %eax
-4 (5rbp),

$rax

%eax
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L3

L2

{

movq
movl
movl

addgq

movq
movl
testl
jne .14
movl
popq
ret

-24 (%rbp), %rax
(%rax), %eax
%eax, -4 (%rbp)
$4, -24 (%rbp)
-24 (%rbp), %rax
(%$rax), %eax
%eax, %eax

-4 (%rbp), %eax
Srbp
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——
Random Access Machines (RAMs)

m The process of computation of TMs is very distant from real
computing systems.

m The architecture of RAMs is, on the other hand, very similar to
current computers.

m The results of a complexity analysis of a RAM program is close to
the behaviour of real-world computers.

m Moreover, we will observe that computing power of RAMs is
equivalent to the power of TMs.
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I
Basic Definition

m Random Access Machine (RAM):
¢ An (infinite) array of registers R = (ry, r1,. . .).

e Each register is capable of containing an arbitrarily large integer
(possibly negative).

e The possibility to directly access an arbitrary register.
e Register 0 serves as an accumulator.

e Program counter x.

m A RAM program N = (1, ...,mn) is a finite sequence of
instructions.
m The input is placed in a finite array of input registers I = (i1, ..., ip).

m Three addressing modes: j, 1 j, and = j.
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Instruction Set

Instr. Op Semantics \ Instr. Op Semantics

READ J o ro<—j HALF fy < ry/2

READ 1) rno<+ iy JUMP =) k<«

STORE j ri+<n JPOS = ifrp>0thenk«j
STORE 1t rm<«n JZERO = ifp=0thenk «+j
LOAD X rn+x JNEG =, ifrp<Othenk+«+j
ADD X g« rp+x" | HALT k<0

SUB X rp+n-—x

note: x (resp. x’) is one of j, 1 j, = j (resp. r;, rr;, j)
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|
Configurations of a RAM

m A configuration is a pair C = (x, R) where:
e x € Ny is the program counter,

e R={(j1,r),--., Uk, ;) } is afinite set of register-value pairs.

m The initial configuration is (1,0), i.e., all registers are zeroed.

m Let [1be a RAM prol_Pram and l_ (it,...,Ip) @n input array. Then,
the relation (k, R) =5 (x/, R') (“yields in one step”) is defined as
follows:

e r' is the new value of « after executing the x-th instruction of ,
e R’ is a modified version of R according to the semantics of the x-th
instruction of 1.

m The relations (k, R) 0Lk (x/, R') and (k, R) DL* (k' R') are
defined analogously as for TMs.
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The Function Computed by a RAM

Let T be a program, D C 7 be a set of finite sequences of integers,
and ¢ be a function ¢ : D — Z. I computes ¢ iff

vle D: (1,0) 0L*(0,R) = (0,4(/)) € R.

Example (A RAM program computing ¢(a, b) = |a — b| with | = (5, 8))

#  Program Configurations

1,0
1 READ2 (2,4(0,8)})
2 STOREZ2 (83,{(0,8),(2,8)})
3 READ1 (4,{(0,5),(2,8)})
4 STORE1 (5,{(0,5),(2,8),(1,5)})
5 SUB2 (6,{(0,—3),(2,8),(1,5)})
6 JUNEGS8
7  HALT
8 LOAD2 (9,4(0,8),(2,8),(1,5)})
9 SUBT1 (10,{(0,3),(2,8),(1,5)})
10 HALT (0,{(0,3),(2,8),(1,5)})
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Time and Space Complexity

m Because RAMs use arbitrarily large integers, the computation cost
of an instruction can differ according to the size of the operand.

m Possible approaches:

The size of the operand is ignored:
» The execution of a RAM instruction can be counted as one time step.
» A uniform cost of an operation.

The size of the operand is taken into account:

» The cost of an operation rises logarithmically with the size of the
operand.
» Closer to the behaviour of real-world programs.
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Uniform Time and Space Complexity

m The uniform time complexity of the computation of a RAM
program I1 on the input / € D is the function {4 : D — N U {oo}:

o (1) = k = (1,0) "L (0,R),
i.e., a RAM with the program I1 stops on the input / after k steps.

o tU(]) =00 <= (1,0) 4+ (0,R),
i.e., 2 RAM with the program [ does not stop on the input /.
m The uniform space complexity of the computation of a program I
ontheinput I = (is,...,In) € Dis the function s : D — NU {oo}:
o s¥(N) =n+max{|R| | Tk € Ng: (1,0) L+ (k,R)},

e i.e., the length of the input plus the number of used registers.

Complexity Theory (FIT VUT) Alternative models of computation 10/22



Logarithmic Time Complexity

m For aninteger i € Z, let bin(i) be its binary representation’.

m The length of i is defined as len(i) = |bin(i)|.

m The logarithmic time cost function c("’g ) for a RAM program I and
its input /, s.t. (1,0) 1Lk (0, R), is a mapping

CIog ) { {1,...,k} =N

(M i~ max{len(x;) | x; € Xi(N, 1)}
where X;(MN, /) C Z is the set of all register indices, register values,
and constants used in the i-th step of the program I on the input /.

m The logarithmic time complexity of the computation of a RAM
program I1 on the input / is the function t% D - NU {0}

o 1791 = Z, et () <= (1,0) Dbk (0, R),
o 1%9(1) =00 <= (1,0) 04+ (0, R).

"We assume no redundant leading Os and a minus sign in front if negative.
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Logarithmic Space Complexity

m The length of I = (i1, ..., Ip) is defined as

len(l) = i len(i;)
j=1

m The logarithmic space complexity for register r during the
computation of a program I on the input I = (i1, ...,iy) € Dis the

function s'r‘,’ﬁ :D — NU{oo}:
o s39(l) = max{len(v) | Ik € No: (1,0) ™b* (k,R)A(r,v) € R}

m The logarithmic space complexity of the computation of a program
M on the input / = (i, ..., i) is the function 5% : D — N U {0}

o s39(1) = len(l) + s59 (1) + s59, (1) + ...
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Time and Space Complexity — Size of Input

m The time complexity of the computation of a RAM program [ is
the function Tp:

T N — NU {oo}
n: { k — max{tq(/) | len(l) = k}

m The space complexity of the computation of a RAM program I is
the function Sp:

S - { N — NU {0}
" | k— max{sn(/) | len(l) = k}

m ) (resp. sn) can be either uniform t4" (s4") or logarithmic %
(sﬁg) time (resp. space) complexity functions.
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——
Simulation of a TM using a RAM

m We will observe that each TM can be simulated by a RAM
program with a linear loss in efficiency.

m For a single-tape TM M with the input alphabet © = {ay, ..., ax},
the input domain Dy of the simulating RAM program is defined as

Ds = {(it,...,in,0) [ ne NAV1I <j<n: 1<) < Kk}
m Then, for each language L € ¥*, we can define ¢, : Dy — {0,1}:
é((fty...,in,0)) =1+ a;, ---a, €L

¢r((fty...,in,0)) =0<+=a;---a, ¢L

m Computing ¢, is equivalent to deciding L.
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——
Simulation of a TM using a RAM

Proposition
Let L € DTIME(f(n)). Then there is a RAM program that computes ¢,
with the uniform (resp. logarithmic) complexity in O(f(n)) (resp.
O(f(n) = log(f(n)))).

Proof (Idea)

m for each state q of M, we construct in Ty, a subroutine that
simulates the behaviour of M in q.

cel: [afala[b]a[n]-] reosi [ |6 | [afalafolafb] ]
g2,a?: LOAD "1 STORE 1

SUB =a JUMP qg4,a?
JZERO g2, a g2,b?: LOAD "1

e JUMP q2,b? -
_> q2,a: LOAD =b reject: LOAD =0
ab,«— STORE "1 HALT
LOAD 1 accept: LOAD =1
ADD =-1 HALT
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——
Simulation of a RAM using a TM

m Now, we will try to show that each RAM can be simulated by a TM
with a polynomial loss in efficiency.

m A sequence of integers | = (i, ..., in) can be encoded into the
binary representation code(/) as the string bin(iy)| ... |bin(in)
where the symbol “|” serves as the delimiter.

Let N be a RAM program that computes a function ¢ : D — 7 with the
uniform time complexity f(n). Then, there exists a 7-tape TM Mp that
computes the function fyy, : ¥* — ¥* for which

fin (code(1)) = bin(a(1)).

Moreover, My computes ¢ in the time O(f(n)3).
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Simulation of a RAM using a TM — Proof idea 1/3

Proof (Idea)

m The tapes of the TM My, serve for the following purposes:
1 The input |
2 Holds the registers’ contents? A(0 : [rp]) o (1 : [r])o...(n: [rm])<
3 The program counter
4 The currently sought register address
5-7 Extra space for the execution

m Each instruction of the RAM program I is implemented by a group
of states of M.
m Simulating an instruction of N on Mp takes O(f(n)?) steps.
e Fetching the values of the registers from the second tape takes
O(f(n)?) time (there are O(f(n)) pairs, each of the length O(f(n))).
e Computation of the result of the instruction on integers of the length
O(f(n)) can be done in O(f(n)) time.

2Update: the old value is replaced by # . ..# and a new one is appended.
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Simulation of a RAM using a TM — Proof idea 2/3

Proof (ldea)

m Based on the previous observation, the simulation of f(n) steps of
N takes O(f(n)3) steps of Mp.

m [t remains to show that after simulating f(n) steps of I, the largest
integer in the registers has the maximum size of O(f(n)).

v

After the t-th step of the computation of a RAM program I on the
input 1, the contents of any register have the length at most

t + len(l) + len(b) where b is the largest integer referred to in an
instruction of .
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Simulation of a RAM using a TM — Proof idea 3/3

Proof (Idea)
m Base case: the claim is true when t = 0.

® /nduction hypothesis: the claim is true after the (t — 1)-th step.

m Case analysis over instruction types of the t-th instruction:

o Most of the instructions do not create new values (jumps, HALT,
LOAD, STORE, READ). For these, the claim holds.

o for arithmetic instructions involving a pair of integers, the length of
the result is one plus the length of the longest operand, which is by
the induction hypothesis at most t — 1 + len(l) + len(b). Thus, the
result has the length at most t + len(!) + len(b).
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Random Access Stored Program (RASP) Machines

m Analogy to universal Turing machines (UTMs):
e Input: The code of a TM M and an input word w.

e UTM simulates M on the word w.

m Universal RAM program:

o Input registers of / contain an encoded RAM program I and input
registers Iy of .

e The RASP machine simulates the RAM program I with the input /.
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Random Access Stored Program (RASP) Machines

m A possible encoding of a RAM program:

Assign unique code to each instruction-modifier combination.
Example: “LOAD 1" +— 1, “LOAD ="+ 2, ...
Keep operand value of instruction separated.

Compose the input / as follows:
(codey, 0opy, ..., codek, 0pk, 0, in,,...,in,)

m The purpose of the registers of a RAM program:

r1 —the program counter of the RAM program [1,

r» —the pointer to input I of the RAM program I,

r3 — the current instruction,

r4 — the current operand value,

rs — an extra register,

rs, I7, ... —registers ry, ry, . .. of the RAM program T1.
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Random Access Stored Program (RASP) Machines

m Simulation (main loop):
Write the position of the delimiter (“0”) to r».
Read the instruction from the position (1 1) x 2 to r3.
Read the operand value from the position (1 1) *2 + 1 to rs.

Simulate the instruction with the code in r5. Increment the operand
value j by 5, when the addressing modes 1 j or j are used.

Update ry properly.
@ Goto step 2.

Proposition

If the uniform time complexity of a RAM program 1N is O(f(n)), then the
number of the steps of a RASP machine simulating 1 is upper
bounded by c « f(len(In)).
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