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1 Introduction

The most used classes of formal models in the formal language theory are gram-
mars and automata. Grammars work as generative devices, while automata
work as accepting devices. Given a grammar, it uses its rules to derive the
string belonging to the language it describes from some initial string. Given
an automaton, it uses its rules to decide which actions should be performed,
based on its state, first symbol of its input string, and possibly on other additi-
onal information. Every string that drives the given automaton to its accepting
configuration belongs to the language characterized by that automaton.

In a modern formal language theory, some formal models that share pro-
perties both from the grammars and automata has been introduced. Such an
example are state grammars (see [1]), which were developed from context-free
grammars by adding finite-state control. Another example are rewriting systems
(see Chapter 2 in [2]), which are a generalization of grammars and automata
and hence, depending on their rules, they are able to simulate both of them.

In 2006, Meduna, Kfivka, and Schonecker introduced a new modification
of rewriting systems, called #-rewriting systems (see [3]). While ordinary re-
writing systems rewrite just one substring to another during one computation
step, #-rewriting systems rewrite in fact two substrings, where the first sub-
string is always one symbol long and acts like state. Moreover, the success of
one computation step in #-rewriting systems depends also on the number of
occurrences of # in their sentential forms. If k is an upper bound limit of the
number of occurrences of #, #-rewriting systems are said to be of indezx k. Such



A. Meduna, J. Kucera, and Z. Kfivka, On k#$-rewriting systems 2

a restriction has an important influence to their descriptive power. While or-
dinary rewriting systems characterize the Chomsky hierarchy of languages, the
power of #-rewriting systems of index k coincide with the power of programmed
grammars of the same index (see [3]).

In this paper, we extend #-rewriting systems with additional storage that
can contain both terminals and nonterminals and we call them k#$-rewriting
systems. More precisely, every configuration consists of three parts: (1) the cur-
rent state, (2) a string of terminals (including #), and, newly, (3) a pushdown
string of terminals and nonterminals (excluding #). Below, in the string repre-
sentation of such configuration, part (2) and (3) are separated by $ symbol.

After giving some preliminaries in Section 2 and introducing the formal
definition with an example in Section 3, in Section 4, we show that for some
positive integer, k, k#$-rewriting systems and k-limited state grammars have
the same expressive power. Finally, the concluding section outlines an open
problem for further investigation.

2 Preliminaries

This paper assumes that the reader is familiar with the fundamental notions of
formal language theory (see [4, 5]). For a set X, card(X) denotes its cardinality
and 2% denotes its power set. By I, we denote a set of all positive integers. Let ¥
be an alphabet. Then, ¥* represents the free monoid generated by ¥ under the
operation of concatenation with € as its identity element. Set 2T = ¥*—{e}. For
w € ¥*, |w| denotes the length of w, alph(w) = {z | w = uzv,x € &, u,v € ¥*}
denotes the minimal subset of 3 such that w € alph(w)*. For a € X, occur(w, a)
denotes the number of occurrences of ¢ in w; mathematically, occur(w,a) =
card({u | w = vwav,u,v € ¥*}). For W C ¥, occur(w, W) =y, occur(w, a).
For k > 0, if w can be expressed as w = zy such that k = |z| and z,y € ¥*,
then prefix(w, k) = x; otherwise, prefix(w, k) = w.

Let A be a set and let o be a (binary) relation over A. The k-fold product
of o, where k > 0, the transitive closure of o, and the reflexive and transitive
closure of o are denoted as o, o+, and o*, respectively. Instead of (z,y) € o,
we write x o y.

By p: e, we express that e has p as its label, i.e. p is a unique symbol that is
associated with e and that can be used as an alternative name of e. By p: e € D,
we express that p: e and e € D.

A context-free grammar is a quadruple, G = (V, T, P, S), where V is a total
alphabet, T C V is an alphabet of terminals, P C (V — T) x V* is a finite
set of rules, and S € (V —T) is the start symbol. Instead of (4,z) € P, we
write A — = € P. Let = be a relation of direct derivation on V* defined as
follows: wAv = wuzv iff A — x € P, where A € (V —T) and u,z,v € V*.
By uwAv = uzv[A — z], we express that uAv directly derives uxzv according
to A — x. By =, we express that a relation of direct derivation, =, is
associated with a grammar G. The language generated by G, L(G), is defined
as L(G) = {w | S =* w,w € T*}. The family of context-free languages is
denoted as Z(CF).

Let k > 1 and X,, = {a1,b1,a2,bs,...,an,b,}. The Dyck language 2, over
Y., is generated by the grammar

({Srux,, 2, {S— 558 —¢eS—aSby,...,S — a,Sh,}, 9).
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Let G be a grammar of arbitrary type, and let V, T', and S be its total
alphabet, terminal alphabet, and start symbol, respectively. For a derivation
D:w = wy=...=w, S =wp, w, €T* according to G, we set Ind(D, G) =
max{occur(w;,V —T) | 1 < i < r}, and for w € T*, we define Ind(w,G) =
min{Ind(D, G) | D is a derivation for w in G}. The index of grammar G (see
page 151 in [6]) is defined as Ind(G) = sup{Ind(w,G) | w € L(G)}. For a
language L in the family -2 (X) of languages generated by grammars of some
type X, we define Indx (L) = inf{Ind(G) | L(G) = L,G is of type X}. For a
family Z(X), we set Z,(X)={L | L € £(X) and Indx(L) < n},n>1.

A state grammar (see [1]) is a sixtuple G = (V,T, K, P, S, s), where V is a
total alphabet, 7' C V is an alphabet of terminals, K is a finite set of states,
VNK=0,PC(V-T)x KxV*x K is a finite set of rules, S € (V —T) is
the start symbol, and s € K is the start state. Instead of (A,p,z,q) € P, we
write (4,p) — (z,q) € P. Let = be a relation of direct derivation on V* x K
defined as follows: (uAv,p) = (uzv,q) iff (A,p) — (x,q) € P and for every
(B,p) — (y,t) € P, B ¢ alph(u), where p,q,t € K, A/B € (V —T), and
u,v,x,y € V*. For some k > 1 satisfying occur(uA,V —T) < k, = is said to be
k-limited, denoted as y=. By (uAv,p) = (uzv,q)[(4,p) — (z,q)], we express
that (uvAw,p) directly derives (uzwv, q) according to (A,p) — (x,q). Similarly for
x=. The language generated by G, L(G), is defined as L(G) = {w | (S, s) =*
(w,q),q € K,w € T*}. Let k > 1. The language generated by G in k-limited
way, L(G,k), is defined as L(G, k) = {w | (S,s) r=" (w,q),q € K,w € T*}.
The families of languages generated by state grammars and by state grammars
in k-limited way are denoted as Z(ST) and Z(ST, k), respectively.

A #-rewriting system (see [3]) is a quadruple M = (Q, 3, s, R), where @ is a
finite set of states, X is an alphabet containing special symbol # called bounder,
QNX =10, seqQ is the start state and R C Q x I x {#} x Q x X* is a finite
set of rules. Instead of (p,n,#,q,x2) € R, we write p,# — qz. Let = be a
relation of direct rewriting step on QX* defined as follows: pu#v = quzv iff
pft — gqr € R and occur(u,#) = n — 1, where p,q € Q, u,v,x € ¥*, and
n € I. By pu#v = quzv [p.# — qz], we express that pu#v directly rewrites
quzv according to p . # — gx. The language generated by M, L(M), is defined
as L(M) = {w | s# =" qu,q € Q,w € (X — {#})*}. Let k € 1. A #-
rewriting system M is said to be of index k if and only if s# =* qy implies
occur(y, #) < k, where ¢ € Q and y € ¥*. Let k € I. The family of languages
generated by #-rewriting systems and by #-rewriting systems of index k are
denoted as Z(#RS) and £ (#RS), respectively.

3 Definitions

We are now ready to define k#$-rewriting systems.
Definition 3.1. Let k € I. A k#$-rewriting system is a quintuple
M = (Q7 VJ E7 S, R)7

where Q is a finite set of states, V is a total alphabet, VN Q = 0, ¥ is an
alphabet containing # and $ called bounders, X C V', s € Q) is a start state and

R C (QxIx{#}xQx(E-{s})")

U (@ x{#} x {3} x Q@ x {8} x (V —{#,8})")
U (@ x {8} x (V= %) xQx {#]} x{8})
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is a finite set of rules.

Instead of (p,n,#,q,z) € R, (p,#,9%,4,%,y) € R and (p,$,A,q,#,9%) € R,
we write p,# — qr € R, p#$ — ¢Sy € R and p$SA — q#$ € R, respectively.

Let 2 C QX — {$}H)*{$HV — {#,8})* be a set of all configurations of M
such that x € Z iff occur(x, #) < k.

Let = be a relation of direct rewriting step on = defined as follows:

o pu#v$a = quavda iff p.# — qr € R, occur(u,#) =n—1, p,q € Q,
u,v,¢ € (X —{8})*, a e (V—{#,3%})*, andn €1;

o pu#Sa = qubzra iff p#$ — ¢Sz € R, p,q € Q, u € (X — {$})*, and
T, € (V - {#7$})*;

o puSAa = qu#Sa iff pSA - gH#S € R, p,q e Q,ue (X—{$})*, AecV-X,
and o € (V — {#,$})*;

o puzSa = puza iff p € Q, u € (X —{$})*, z € (X — {#,$})*, and
Q€ (V - {#a $})*;

e puSzra = puxa iff p € Q, u € (X — {$})*, =z € (¥ — {#,8})*, and
ae (V—{#38$}H"

By x = y|[r], we express that x directly rewrites y according to r.
The language generated by M, L(M), is defined as

L(M) ={w | s#8 =" qu$,q € Q,w € (X = {#,5})"}.
The family of languages generated by k#$-rewriting systems is denoted as
2 (#38RS).
The following example demonstrates a generative capacity of k#$-rewriting
systems.

Example 3.2. Let M = (Q,V, %, s, R) be a 2#$-rewriting system, where

Q = {sp,0,pW,p?,pX) p) g, f, f, B}
Vo= {AaBaXvaabvcvdvoala(_) 17[17[27 1,}23#3$}
¥ = {a,b,cd0,1,0,1,[,

; ]
[27 1;]27#7$}

)

and R contains rules

1: si# — p## 9: pY) i # — g

2: p# — plaftb 10: g # — f

3:p/ o# — pMeH 11: f$A — f(A4S

4:p H# — pDd# 12: f$B — f(BI#$

5: pM#$ — p(I$X[; A]y 13: fA) # — f(A041
6: pP#$ — pI$X[,B], 14: fB) # — FBIO#1
7: p$X — p#$ 15: f(A) # — fo1

8: p(MNgX — p(V)4$ 16: f(B) # — f01

First, M generates two # bounders. Second, M wuses rules 2 to 7 to generate
the following structure

a" #2129 . 2 B8O (2mZm—1 - - 21)
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where z; € {¢,d}, 1 <i<m, m >1 and ¢ is a homomorphism from {c,d}* to

{A,B, [1, [2,]1,]2}* SUCh that ¢(C) = [114]1 (M’Ld ¢(d) = [QB]Q.

Finally, M wuses

rules 8 to 16 to finish the rewriting. Thus, the language generated by M is

L(M) = {w

w=a"0"z122...2,h(2n,01)h(zn—1,12) ... h(21,0n),
zi€{cd},1<i<n,i; >1,1<j<nn>1

where h is a mapping from {c,d} x1 to {0,1,0,1, [1, [2,]1,]2}* such that h(c,i) =

[1011%); and h(d,1i)

— [L0'T7)..

For instance, M generates aabbdc[;0011]1[201]5 in the following way

s#$

4 Results

PHH#S

p'a#b#3

PP atbd#$
pX)a#bd$ X [, B]a
padtbd#8[2 Bl

P aa#bbd#3$[2 B2
pMaa#bbdc#$[>B]o
p(X)aa#bbdc$X[1A]1 [QB]Q
p(Y)aa#bbdc#$[1 Al [2B]2
qaabbdc#3[1 A]1[> Bl
faabbdc$[1 A]l [QB]Q
faabbde[1$A]1[2B]2
FDaabbde, #9)1[2B)2
fWaabbdc];0#1$)1[>B]2
faabbdc[100118];[2B]2
faabbdc[10011]1[2$B]2
FB)aabbdc[,0011]; [2#9]-
faabbdc[10011][2018$]5
faabbdc[l()Oll]l [261]255

S O O

[
[
[
[
[
[
[
[
[
[

First, we prove the identity of £ (ST, k) and £ (#3RS) for every k > 1.

Lemma 4.1. Let k > 1. Then, Z(ST, k) C 2 (#$RS).

Proof. Let G = (V,T,K,P,S,s) be a state grammar. Without any loss on
generality, suppose that V N {#,$} = 0. Now, we construct from G a k#$-

rewriting system

such that L(G, k) =

Q:
Vo=
D

s =

M=(Q,V' %, ¢, R)
L(M). First, we set

U (g lu) [ ge Kyue (V—T),0<1<k}

vV u {#,SB];»
T U {#,$%}
(5;0;.5)

Every state from @ holds the current G’s state and the first k& nonterminal
symbols from the current G’s sentential form. The positions of these k symbols
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correspond to #’s in the simulation. Additionally, it also holds a number that
has a meaning of a type of state—0 is for regular state and 1 to k are for
auxiliary states.

Next, we construct R. Let

rules(p, u) = {r

T (va) - (1'7q) € PvB € ((V_T)malph(u))v
p,qE K,x eVt ueV*

and let g and h be two homomorphisms from V* to (X — {$})* and from V* to
(V' — X)*, respectively, defined as

# foreveryz e (V-T)
x foreveryx eT
x forevery x € (V —T)
e foreveryx €T

g(z) =

Initially, set R = (. For every rule (4,p) — (x,q) € P and for every state
(p; 0; uAv) € @Q such that rules(p,u) = @) perform the following steps:

(A) If k — [uv| > |h(z)], then add (p; 0; uAv) |, aff — (q; 0; uh(x)v)g(z) to R.

(B) If k — |uv| < |h(x)], then express v as v = X, _1 X n—2 ... Xo, where X; €
(V' =%),0<i<m—1, m=|v], and

(i) for every ¢ such that 0 < i < m — 1, add (p;i;udv)#$ — (p;i +
1;uAv)$X; to R;

(i1) add (p; m;uAv)#$ — (q;0;u)$zx to R.

Finally, for every state (p;0;u) € @ such that |u| < k — 1 and for every B €
(V' = %) add rule
(p; 0;u)$B — (p; 0; uB)#$

to R.

Due to the lack of space, we leave the proofs of the following claims to
the kind reader. Both of them can be proved by induction on the number of
derivation or rewriting steps, respectively.

Claim 4.2. Let (S,p) 1= (wy,q) in G, where p,q € K, w e T*, y e (V —
T)T*)*, and m > 0. Then, (p;0; S)#3$ =* (q; 0; prefix(h(y), k))wg(c)$8 in M,
where y = af3, a € (T*(V — T))Prefix(h@)R)l - and g € V*.

Claim 4.3. Let (p;0; S)#$ =™ (q;4; h(aa))wg(a)$as in M, where p,q € K,
0 < { < k7 w e (E - {#30‘5})*) a € ((V/ - E)(V/ - {#7$})*)*7 OCCUI‘(OI,V/ -
) <k, ap e (VN —{#8}* occur(a,V' — X) = 4, and m > 0. Then,
(S,p) k=" (waapb,q) in G.

If we set p = s and y = € in Claim 4.2, then (S, s) = (w,q) in G implies
(5;0; SY#3$ =" (¢;0;e)w$ in M which proves L(G, k) C L(M). Conversely, for
p=s1=0and « = & = 8 = ¢ in Claim 4.3, (5;0; S)#3% =* (q;0;e)w$
in M implies (S,s) r=" (w,q) in G which proves L(M) C L(G, k). Hence,
L(G, k) = L(M) and the lemma holds. O

Lemma 4.4. Let k > 1. Then, £ (#$RS) C Z(ST, k).
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Proof. Let M = (Q,V,%,s,R) be a k#3-rewriting system. Without any loss
on generality, suppose that ? ¢ V and #; ¢ V, for all 1 < i < k. From M, we
construct a state grammar

G = (VlvTa Kapa#hsl)
such that L(M) = L(G, k). First, we set

V= (V-{#8HU{#: |1 <i<k}

T = X—{#$}

K = {{pi)|lpeQ,0<i<k}
U {(mirJj]) lpe@reR0<i<k1<j<k}
U {pg[n XD IrereR X e(V-E)u{?},0<i<k}
U {gran}

s = (s;1)

Every state from K holds the M’s current state, the number of #’s in the current
M’s configuration and occasionally the simulated rule together with information
either about leftmost non-# nonterminal symbol or simulation progress. There
is also a special state ¢ in K that brings G to configuration that makes the
next derivation step in G impossible and in this way the simulation of M is
abnormally stopped.

Let 7 be a mapping from (X —{$})* x{1,2,...,k} to (TU{#;: |1 <i <Ek})*
defined recursively as follows

o 7(c,i) =¢, forevery 1 <i <k
o 7(ax,i) = ar(z,i), for every a € (X — {#.,8}), z € (£ — {$})*, and

o T(#x,i)=#;7(x,i+ 1), foreveryx € (X —{$})*and 1 <i<k—1

We are now ready to construct P. Initially, set P = (). For every rule 7: p.# —
gz € R and for every state (p; k) € K such that n < k and k—1+occur(z, #) < k
perform the following steps:

(A) If occur(z,#) = 0 and kK —n = 0, then add
(#n, (D1 K)) = (z, (g6 — 1))
to P.
(B) If occur(z,#) = 0 and kK —n > 1, then
e add (#n, (p; ) — (x,(g;k — 1;r, 1])) to P;
o forevery 1 <i<k—n—1,add
(#nris (G 6 = L [ryil) = Fnvio1, (g — 1 [r i +1]))
to P;
o add (#«,(qg;k — 1;[r,k —n])) = (#x-1,{g;k — 1)) to P.
(C) If occur(z, #) = 1, then add
(#n, (P K)) = (1(2,n), (g; K))
to P.
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(D) If occur(z, #) > 2, then

o add (#n, (3 K)) = (F#n, (p; &3 [, 1])) to P;
o forevery 0 <i<k—n—1, add

(#r—is (D3 R [y i+ 11)) = FEsbn—is (03 83 [ry 0+ 2]))

to P, where n = occur(x, #) — 1;
o add (#n,(p;k;[r,k —n+ 1])) — (r(x,n),{¢;k + 1)) to P, where
n = occur(x, #) — 1.

Next, for every rule p#$ — ¢$z € R and for every state (p;x) € K such
that k > 1, add
(#r: (D3 6)) = (2, (g5 — 1))
to P.

Finally, for every rule r: p$A — ¢#$ € R and for every state (p;k) € K
such that k < k — 1, add

Py k) = (A, (p; k3 [, 7])
<p7’% [[T‘ ]]>) (Xa <p;’<’; [[TvXH»a for all X € (V_Z)

pi ks [ YD) = (Y, gratse), for all Y € (V — %), where Y # A
PR [, AD) = Fetrs (g6 + 1))

(4
(X
(Y,
(4

to P.

As in the proof of Lemma 4.1, both following claims can be proved by in-
duction on the number of rewriting or derivation steps, respectively, and we
leave the proofs to the kind reader.

Claim 4.5. Let p#$ =™ quwa$p in M, where p,q € Q, w € (X — {#,$})*,
ac ({#HE {8, Be (V—{#8$})*, and m > 0. Then,

(#1, (1 1)) k=" (wr(a, 1)5, (g; occur(a, #)))
mn G.

Claim 4.6. Set Q = {[r,X]|re R, X € ({1,2,...,k} U(V =X)U{?}H} and
express K as K = Kq U Kq U {¢false }, where

Kq
Kq

{(m1) [ p€Q,0<i<k}
{(p;i:2) | peQ,0<i<k,ZeQ}

Define a binary operation e from Kg x (QU{A}) to K such that

(pii)eZ = (p;i;Z), forall ZeQ
(piye X = (p;i)

Furthermore, set Ny = {#; | 1 < i < k} and define a homomorphism T from
(NgUT) to (£ —{$}) such that 7(a) = a for every a € T and 7(X) = # for
every X € Nu.

Based on a state to which G enters, the following two cases are considered:
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(a) Let (#1,(p,1)) x=™ (wap,{q,occur(T(a),#)) ® Z) in G, where p,q € Q,
weT* ae (Na(NpgUT)Y)*, B e (V—{#,3})*, Z € (QU{)\}), and
m > 0. Then, p#3$ =* quT(«)$8 in M.

(b) Let (#1,(p,1)) =" (wapB,grse) in G, where p € Q, w € T*, a €
(Nug(NxUT)*)*, B e (V—{#,%})*, and m > 0. Then, p#3$ =* qw7(a)$s
in M, where § € Q, 8 = z21Y20Az3, YA € (V -3X),Y # A, 1 €
(B —{#.8})", 22 € (V—{A,#,8})*, z3 € (V—{#,8})*, and there is a rule
7: q8A = ¢#$8 € R, ¢’ € Q, such that ¥ is not applicable on quw7(«a)$s.

If we set p = s and a = 3 = ¢ in Claim 4.5, then s#$ =* qw$ in M implies
(#1,(s;1)) k=" (w,{g;0)) in G which proves L(M) C L(G, k). Conversely, for
p=s, a=p=c¢ and Z = X in Claim 4.6, (#1,(s;1)) =" (w,(g;0)) in G
implies s#$ =* qw$ in M which proves L(G,k) C L(M). Hence, L(M) =
L(G, k) and the lemma holds. O

Corollary 4.7. Let k > 1. Then, 25,(#3$RS) = Z(ST, k).
Proof. Tt directly follows from Lemma 4.1 and Lemma 4.4. O

Next, we show that £ (#RS) is properly included in % (#3RS) for every
k>1.

Theorem 4.8. For every k > 1. Then, £, (#RS) C L (#3RS).

Proof. The inclusion 25 (#RS) C 2, (#3RS) follows directly from the definiti-
ons of #-rewriting system of index k and k#3-rewriting system. It remains to
find a language from %, (#3RS) that is not contained in % (#RS).

For k = 1, such a language is 2. As Z1(#3RS) = Z(CF) (by [1] and
Corollary 4.7), Z5 € Z1(#3RS), but P, ¢ Z1(#RS) (see page 169 in [6]).

For k > 2, let X = {a1,aq,...,a4x—2} be an alphabet. Define a language
Ly over Y as

Ly ={alal...a}y o |i>1}.

By Theorem 4 in [1], Ly € Z(ST, k) and since .2 (#$RS) = Z(ST, k), Ly €
2 (#3RS) as well.

It is easy to see that matrix grammars of finite index k generates the same
language family as 2, (#RS) (see [3] and Theorem 3.1.2 on page 155 in [6]).
By an application of pumping lemma for matrix grammars of finite index (see
Lemma 3.1.6 on page 159 in [6]), we can proof that Ly ¢ £ (#RS). Assume
that Ly € £, (#RS). Then there exists z € Ly such that

Z = U1V1W1T1U202W2T2 . . . U VWL U411
with | <k, |[viz1ve2s ... vyzy| > 0, and

ulv{wlxiugvéwgzé . ulvfwla:fulH (S Lk
for every ¢ > 1. Now, consider the following cases:

e There exists y € {v1, 21, v2,22,...,v;, 2} such that card(alph(y)) > 2. In
this case, there exists ¢ > 1 such that

i 0 i ) i i
U1V W1TL UV W2T o « . . WV WX U411 ¢ Lk
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LU#SRS) C  L(#SRS) C - C  Zu(#3RS)
U U U

Fig. 1: The relations between #-rewriting systems with finite index and #$-
rewriting systems.

o All vy, x1,v2,x2,...,v;,2; are strings over one-letter alphabet. As for k >
2 it is always true that 4k — 2 > 2k, there will be always symbols from
alph(z) that are not contained in alph(vizvexs...vx;). Hence there
must exist ¢ > 1 such that

u Vi w T ugvhwaah . . upviwiiug 1 ¢ L.
Such z € Ly, does not exist and therefore Ly ¢ 25 (#RS) for every k > 2. O

The relationship between infinite hierarchies of #-rewriting systems of finite
index and k#$-rewriting systems is summed in Figure 1.

5 Conclusion

Since we have new characterization of .2 (ST, k), for some k > 1, in the future
investigation, we can naturally study the relationship between k#$-rewriting
systems and generalized #-rewriting systems (studied in Sections 4.1.4 and 5.1.3
of [7]).
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Appendix

In this section, we recall the claims from the paper together with their proofs
that have to be omitted from the paper due to the page limit. Since we assume
that the appendix will not be part of the final version of the paper, we include
no references into the appendix from the text of the paper.

Claim 4.2. Let (S,p) x=™ (wy,q) in G, where p,q € K, w e T*, y € (V —
T)T*)*, and m > 0. Then, (p;0; S)#$ =* (g; 0; prefix(h(y), k))wg(a)$8 in M,
where y = af, a € (T*(V — T))Prefixtw)b)l - and g € V*.

Proof. This claim is proved by induction on m > 0.
Basis. Let m =0, so (S,p) x=° (S9,p) in G, w = ¢ and y = S. Then,
(p:0; S)#8 = (p; 0; prefix(h(S), k))g(a)$
in M. Since prefix(h(S), k) =S, it holds that & = S and 8 = ¢, so we have

(p; 0; prefix(h(5), k))g(c)$8 = (p; 0; S)#$
and the basis holds.

Induction Hypothesis. Suppose that the claim holds for all 0 < m < [, where [
is a non-negative integer.

Induction Step. Let (S,p) x='t! (wy,q) in G, where p,q € K, w € T*,
and y € ((V — T)T*)*. Since I +1 > 1, express (S,p) =11 (wy,q) as
(S, p) k=! (Wudv,t) y= (w'uzv,q), where t € K, w' € T*, u € (V —T)T*)*,
|h(w)] < k-1, A e (V-T), z,v € V¥, (A4,t) - (z,q9) € P, w = W,
and Wy = wrv with @ € T*. By the induction hypothesis, (p;0; S)#$ =*
(t; 0; prefix(h(uAv), k))w'g(uAz)$Z in M, where v = 2z, z € (T*(V —T))Prefix(h(udv). k)| |h(uA)]
and z € V*. As (A,t) — (z,q) € P, the following rules were added to R during

its construction, based on the relation between k — |prefix(h(uAv), k)| + 1 and
[h()]:

(A) k — |prefix(h(uAv), k)| + 1 > |h(x)|. Then, based on construction of R,
(t; 0; prefix(h(udv), k)) |nway## — (¢; 0; prefix(h(uzv), k))g(r) € R.
Now, we must consider the following three cases:
1. occur(udv,V —T) > k and occur(x,V —T) = 1. Then,
(t; 0; prefix(h(udv), k))w'g(uAz)$z =* (g; 0; prefix(h(uzv), k))w'g(urz)$z

in M. Clearly, uzz can be expressed as wa. As h(uzv) = h(wy) = h(y),
g(uxz) = g(wa) = wg(a), w = w'd, and S = Z, we have

(g; 0; prefix(h(uav), k))w'g(urz)$z = (g; 0; prefix(h(y), k))wg(e)$B.
2. occur(uAv,V —T) > k and occur(z,V —T) = 0. Then,

(t; 0; prefix(h(uAv), k))w'g(udz)$z = (g; 0; h(uzz))w'g(urz)$z
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in M and since for every B € (V' — %),
(q;0; h(uz2))$B — (q; 0; h(uzzB))#$ € R
there exists
(q; 0; h(uzz))w'g(uzz)$z =* (¢; 0; prefix(h(uzv), k))w'g(uzz")$z’

in M with 2/ € (T (V —T))Prefix(h(wan) )~ 1hwn)| 57 € V* and v = /5",
Again, we can express urz’ as wa and with 8 = Z’, we have

(q; 0; prefix(h(uav), k))w'g(uxz')$2" = (g; 0; prefix(h(y), k) wg(a)$p.
3. occur(uAv,V —T) < k and occur(uzv,V —T) < k. Then,
(t; 0; prefix(h(udv), k))w'g(uAz)$z =* (q; 0; prefix(h(uzv), k))w'g(urz)$z
in M. As in previous cases, set wa = uxz and 8 = Z. Therefore,
(g 0; prefix(h(uzv), k))w'g(uzz)$z = (g; 0; prefix(h(y), k))wg(a)$5.

(B) k — |prefix(h(uAv), k)| + 1 < |h(z)|. Express prefix(h(uAv), k) as h(uA)d,
where 0 = D1 D ... Dis, D; € (V—=T),1 <1 < |J|. Furthermore, express z
as diD1daDs ... dj5| D)5, where d; € T*, 1 < < |§]. As there are following
rules in R introduced by step (B.i) of the construction of R

(t;0; h(uA)6)#S  —  (t;1;h(uA)d)8D)5
(t; L h(uA)O)#S  —  (t;2;h(uA)6)SD)5—1

(18] — Lh(uAYSYHS —  (t18]: h(uA)S)SD,
there exists

(t; 0; prefix(h(udv), k))w'g(uAd, Dy . .. dj5 Dy5))$2
=* <t; 1; h(uA)5>w’g(uAd1D1 ce d|5|_1D|5|_1)$d|5|D‘5‘2

S (1 16]; h(wA)S)w g(uA)$zz
in M. Since step (B.ii) of the construction of R introduces a rule
(£ 16]; h(uA)S)#8 — (g;0; h(u))$a
to R, there also exists
(t;10]; h(uA)S)w' g(uA)$2z =* (q;0; h(u))w'g(u)$xzz

in M. Finally, for every state (0;0;7) € @ such that |y| < k— 1 and for
every B € (V' — %), there is a rule

(0;0;7)8B — (0;0;7B)#3
in R and hence
(q;0; h(u))w'g(u)$z2z =* (q; 0; prefix(h(uxv), k))w'g(uz")$z’

in M, where 2/ € (T*(V —T))lprefix(h(uzv) k) [=|h(w)] " 5" ¢ V* and 2v = 2/7'.
Express uz’ as wa and set 2’ = 3. Thus,

(q; 0; prefix(h(uzv), k))w'g(uz')$z" = (¢; 0; prefix(h(y), k))wg(a)$3
and the claim holds.
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O

Claim 4.3. Let (p;0; S)#$ =™ (q;i; h(aa))wg(a)$as in M, where p,q € K,
0<i<k we(E—-{#3" ae (V' =X)(V' = {#,8})*)*, occur(e, V' —
) <k, a,8 € (VI —{#,8})*, occur(a, V' — %) = 4, and m > 0. Then,
(S,p) k=" (waap,q) in G.

Proof. This claim is proved by induction on m > 0.

Basis. Let m = 0, so (p; 0; S)#$ =0 (p;0; S)#$in M, w=¢,a =S5, a=-¢cand
B =e¢. Then, (S,p) x=" (S,p) in G and the basis holds.

Induction Hypothesis. Suppose that the claim holds for all 0 < m < [, where [
is a non-negative integer.

Induction Step. Let (p;0; S)#$ =1 (¢; 5; h(aa))wg(a)$aB in M, where p,q €
K, 0<ji<kwe (X—{#3%}H* aec (V' =) (V' —{#,$}H)*)*, occur(a, V' —
Y)<k,and a,p € (V' —{#,8$})*, occur(a, V' — %) = j. Since [+1 > 1, express
(p; 0; S)#8 =" (g; J; h(ad))wg(a)$as as

(p; 0; SV#$ =1 (t;4; h(uAvd))w' g(uAv)$az = (g; §; h(uzv'@))w’ g(uav’)$as

€ (X —{#$}) Ae (VN-=%2)U{e}, u €
sz € (VI—{#, $}) occur(udv, V' —=%) < k,
nd wa = urv' with @ € (X — {#,$H)*.
= (w uAvéz,t) in G. M can rewrite
h(uzv'a))w'g(uzv’)$af according to the

where t € K, 0 < 7 <

(V' =) (V' = {#.8})°)", 20,0

occur(a, V! = ¥) = 4, w w’ an
By the induction hypothesis, S7 p)
(t;7; h(uAvd))w'g(uAv)$az to (g;7;
one of following cases:

< k,
x,

S>

—

/

<l

Case 1. t=¢q,1=j,A=x,v="0
this case, we have

U, &=

&, z=p0,and v € (¥ — {#,$})*. In

(w'uAv'vaz, t) ;=" (waaf,q)
in G.

Case 2. t=q,i=3, A=z,v =vi, a=va, z=B,and v € (X — {#,$})*. In
this case, we have

(w'uAvvaz,t) =" (waap,q)

in G.

Case 3.t = ¢4t =7=0 A==z, & =a=c¢ z = B3, v =vB, and
B e (V’ ¥). In this case, the rewriting step was performed by rule
(g; 0; h(uv))$B — (¢; 0; h(uvB)>#$ which was introduced to R for every

state (g;0; h(uv)) € Q, |h(uv)| < k — 1, and for every B € (V' — X).
Since this rule only changes symbol B to # and updates M’s state to
remember #’s meaning, we have

(w'uAvaBpB,t) ;=" (w'uzv'aB, q) x=* (waap, q)

in G.
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Case 4. j=0,v=1",&=aandz = . Inthis case, (t;0; h(uAv)) |pwa)F# —
q; 0; h(uzv))g(z ) € R was used, so there exists a rule (A,t) — (z,¢) in

i
(
P such that rules(t,u) = @ and hence
(w'uAvaz,t) = (Wuzvaz, q) =" (waafs,q)
in G.

Case 5. t=q,i=j—1, A=x,v=0vB,a=
this case, (t;7; h(uAva))#$ — (t;i+1
step (B.i) was used and hence

Ba,z=p8,and Be (V' —%). In
;h(uAv'@))$B € R introduced in

(w'uAv'Baz, t) =" (waaf, q)
in G.

Case 6. =0, v=x=v =a=c¢, f=ybz, and y € (V' — {#,$})*. In this
case, (t;4; h(uA&))#3$ — (¢;0;h(u))$y € R introduced in step (B.ii)
was used which means that there is a rule (A4,¢) — (y,q) in P such
that rules(t,u) = 0. Therefore,

(w'uAvéz,t) = (Wuyvéz, q) =" (waap,q)

in G, which completes the induction step.
O

Claim 4.5. Let p#$ =™ qwa$8 in M, where p,q € Q, w € (X — {#,$})*,
ac ({#HE-{8}H)")*, Be (V—{#,3$})*, and m > 0. Then,

(#17 <p; 1>) K=" (u”_(av 1)57 <q; Occur(a7 #)>>
in G.
Proof. This claim is proved by induction on m > 0.

Basis. Let m = 0, p#$ =9 p#$in M, w = ¢, « = #, and B = . Then,
(#1,(p; 1)) k=" (#1,(p; 1)) in G and the basis holds.

Induction Hypothesis. Suppose that the claim holds for all 0 < m <[, where [
is a non-negative integer.

Induction Step. Let p#$ =1 quwa$s in M, where p,q € Q, w € (X — {#,$})*,
€ ({#HXE —{$})")*, and B € (V — {#,$})*. Since | + 1 > 1, express
p#$ =11 qwa$s as

p#S = tw'uAyv$z = qu'uzv'$B

where ¢ € Q7 w' € (E - {#7$})*7 CAS ({#}(E - {$})*)*7 A# € {#a5}7 ‘T7U7U/ €
Z={$})*, z € (V—{#,8})*, w = w'd, and wa = uzv’ with @ € (X —{#,$})*.
By the induction hypothesis, (#1, (p; 1)) k=" (w'T(udgv, 1)z, (t; occur(uAgv, #)))
in G. M can perform tw'uAxv$z = qu'urv’$S in the following ways:
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(I) tw'uAyv$z = qw'uxv’'$p, where t = ¢, A = x, v = v'7, § = vz, and
v € (X — {#,%})*. This rewriting step only transfers terminal symbols
from the left to the right, relatively to $. Clearly,

(w'T(uAgv, 1)z, (t;occur(uAgv, #)))
= (w'r(uxv’, 1), (g; occur(uzv’, #)))
=" (wr(a,1)B, (g; occur(a, #)))

in G.

(II) tw'uAxv$z = qu'uzv'$S, where t = ¢, Ay = z, v/ = v7, ¥ = 94, and
v € (X — {#,8%})*. This rewriting step only transfers terminal symbols
from the right to the left, relatively to $. Thus,

(W' T(uApv, 1)z, (t;occur(uAyv, #)))
= (wr(uav', 1), (g; occur(uzv’, #)))
=" (wr(a,1)B, (g; occur(a, #)))

in G.

(IIT) tw'uAxv$z = qu'uxv'$B3, where Ay = #, v =0, z = 3, occur(u, #) =
n—1,and 1 < n < k. This rewriting step was performed by applying a
rule r: t . # — gx € R. Set k = occur(uAdgv, #). G simulates application
of r in the following ways:

(1) k —n =0 and occur(z,#) = 0. Then, (#, (t;k)) — (z,{(g;k— 1)) €
P, so
(w'T(uAyv, 1)z, (t;occur(uAyv, #)))
= (w'r(us’, 1), (g occur(uze/, #)))
=" (wr (e, 1)8, (q, occur(a, #)))

in G, where occur(uAxv, #) — 1 =k — 1 = occur(uxv’, #).
(2) K —n > 1 and occur(x,#) = 0. Then, (#n, (t;k) — (z,{g; Kk —
1;[r,1])) € P, so
(W' T(uAgv, 1)z, (t; occur(uAyv, #)))
= (W'r(uz, (v, n+ 1), (g k — 1;[r,1]))

in G. If kK —n > 2, then there are rules

(#n+la<q;’{_1;[[r71]]>) - (#n,@;/‘&—l;[[?“v?ﬂ»
(#nto, (g r =1 [r2])) = (Fnrr, (G5 = 15[, 3])

(#r1, (w8 = L[,k —n —1])) . (#r—2,(g;5 — L;[r,x —n]))

in P. Set 7 = k—n = occur(v’,#). Since kK —n > 2, it follows
that also 7 > 2, so v' can be expressed as v’ = 9102 ...05, where
6 € (B —{# ) {#}E - {#.8})", forall 1 <i <7, and G can

perform the following sequence of derivation steps:

(w'r(ux,1)7(6102 ... 05,0+ 1)B, (¢; & — 1; [, 1]))
= (W'T(uxdi, 1)7(0203 ... 05, + 2)53, (¢; & — 15[, 2]))
= (W' T(uxd162,1)7(6304 ... 65,7+ 3)5,{¢; k — 1; [r, 3]))

k:> (w'T(uxdi02 ... 05-1,1)7 (05,0 +0)B, (¢; & — 1; [r,7]))
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The simulation of r is finished by the rule

(#rs (k=L [r, ks —n])) = (FHr-1,(x—1)) €P
If Kk —n > 2, then

(w'r(uzd10z . . n 1, 1)7(67,n+0)B, (g5 — 1; [r, 71]))
= (Wr(uxdida...05,1)6,(¢;k — 1))
=" (wr(a)B, <q7OCCUT(0¢ )

in G. Otherwise, kK —n =1, and

(w'r(uz, )7 (v, n+1)B,(g; £ — 1; [, 1]))
= (w'r(uxv’ 1), (¢;k — 1))
= (wr(a)p, <q,occur(a #N)
in G, where 7(v',n+ 1) = v1#,v2, v1,v2 € T*, and occur(uzv’, #) =
Kk — 1 = occur(a, #).
oceur(z, #) = 1. Then, (#,, (t;x)) = (1(z,n),{g; k) € P, so
(W' T(uAgv, 1)z, (t; occur(udpv, #)))
= (w'r(uzv, 1)z, (q,occur(uxv, #)))
k:* (U}T )/8 <Q1 OCCU.I'(O[, #)))
in G.
occur(z,#) > 2. Set n = occur(x,#) — 1. If Kk —n > 1, then the

following rules were introduced to P:

(#n. (GK)) = (Fn, (Grs[r,1])
(#e, (Gws [ 1]) = (Fw, (G 3 [ 2]))
(#nflv <t; K3 [[7’7 2H>) - (#HJrU*l? <t? K3 [[7‘, 3]]>)

(Haes, (s o —m])) = (#nnt1, (s [, —n+1]))
(#n, (Gs [k —n+1])) = (7(z,n),(g; 5 +n))
Set 7 = k —n and express v as v = 0102 . .. d5, where
6 € (B —{# ) {#HE - {#.3})"

for all 1 < i < 7. Then, G is able to perform the following sequence
of derivation steps:

(w/T(UA#va 1)27 <t; H>)
= (Wr(uAgdide ... 05, 1)z, (& k; [, 1]))
= (WT(uAgoids.. (5—,1, 1) (577, k+n)z, (t & [r,2]))
= (WT(uA6102 ... 05-2,1)7(65- 15n>“+77_ 1)z, (t; k; [, 3]))
Ek:>

= (WT(uAy, 1)7(0102...05,n+n+ 1)z, (t;k; [r,k —n+1]))
k= (wlT(ux’le)Za <Qa”€+n>)
k=" (wr(a, 1)B, (g; occur(a, #)))

Observe that k+n—(k—n—1) = n+n+1 and occur(uzv, #) = k+n =
occur(a, #) since r removes one and add occur(z, #) # symbols.
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If Kk —n =0, only the rules

(#n, (tR) = (Fa, (85 [r,1]))
(#n, (G55 [, 1)) = ((x,n), (g K +n))

from P were used during the simulation of r» by G as the following
sequence of derivation steps in G demonstrates:

(w'T(uAyv, 1)z, (t; K))
= (wr(udgo, 1)zt w5 [r, 1))
= (w'r(uav, 1)z, (q,ﬁ—l—n})
= (wr(e,1)8 (q,occur(a,#)})

(IV) tw'uAxv$z = qu'uzv'$B, where Ay = #, 2 =v =" =¢, f =yz, and
y € (V —{#,$})*. Then, a rule t#$ — ¢8y € R was applied and hence
(#4, (t;k)) = (x,{q;x — 1)) € P. This gives

(w'T(uAyv, 1)z, (t KY)
= (W'r(u, Dyz, (g5 — 1))
=" (wr(a,1)8 <q,OCCUY(a,#)>)

in G.

(V) tw'uApv$z = qu'uzv'$8, where Ay = ¢, x =v=¢,v = #, 2 = AB,
and A € (V —X). In this case, a rule r: t{$4 — ¢#$ € R was applied, so
for every X, Y € (V — X)), where Y # A, the following rules

(A, (k) = (A& ss 7))
(X, (& [ 7)) — (X, (& w5 [r, X))
(K <t; K3 [[7", Y]]>) — (Y qfalsc)
(A, (Emi [ Al = (Fern (s +1))

were introduced in P. Hence, G simulates the application of r in the
following way:

(w'T(uAgv, 1)AB, (t; k)
= (WT(uAyv, 1)AB, (t; k; [r,?7]))
= (WT(uAgv, 1)AB, (t; k; [r, A]))
o= (w'r(uctt, 1B (g n + 1))
=" (wr(a, 1)B, (g; occur (e, #)))

Observe that A must be the first nonterminal symbol just behind #;
nonterminals, 1 < ¢ < k. When z = BAS, with B € (V —X) and B # A,
then G reach the state ggaqe and the simulation is blocked.

O

Claim 4.6. Set Q = {[r,X] |r e R, X € ({1,2,...,k} U(V -=2)U{?}H} and
express K as K = Ko U Ko U {¢faise }, where

Ko = {(mi)|pe@,0<i<k}
Ko = {(m4:2)peQ,0<i<k,ZecQ}
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Define a binary operation e from Kg x (QU{A}) to K such that

(p;i)eZ = (p;i;Z), forall ZeQ
(p;iye X = (p;3)

Furthermore, set Ny = {#; | 1 < i < k} and define a homomorphism T from
(N4 UT) to (X — {$}) such that 7(a) = a for every a € T and 7(X) = # for
every X € Ny.

Based on a state to which G enters, the following two cases are considered:

(a) Let (#1,{p,1)) =™ (wap,{q,occur(T(a),#)) ® Z) in G, where p,q € Q,
weT a€ (Ng(NgUT))", Be(V—{#3})" Ze (QU{A}), and
m > 0. Then, p#$ =" quT(«)$p in M.

(b) Let (#1,(p,1)) =" (wapB,grse) in G, where p € Q, w € T*, a €
(Ng(NpUT) ), B e (V—{#,8})*, and m > 0. Then, p#3$ =* quT()3$
in M, where § € Q, 8 = z1Y2Az;, YA € (V-X),Y #£ A, z1 €
(B—{#.,8})", 22 € (V—{A,#,8})*, 23 € (V —{#,8})*, and there is a rule
7: @3A = ¢#3 € R, ¢’ € Q, such that T is not applicable on quwT(a)$s.

Proof. This claim is proved by induction on m > 0.

Basis. Let m = 0, so (#1, (p; 1)) x=° (#1, (p; 1)) in G, where w = ¢, a = #1,
B =¢,and Z = \. Then, p#$ =* p#$ in M and the basis holds. Observe
that the basis also holds for the case (b) of this claim. Since (p;1) # faise,
(#1, ;1)) 1= (#1, Grase) DOt in G and the implication is automatically true.

Induction Hypothesis. Suppose that the claim holds for all 0 < m < [, where [
is a non-negative integer.

Induction Step. Let (#1, (p;1)) x="" (wapB, Z) in G, where p € Q, w € T*,
a € (Np(NLUT)*)*, B e (V—{#,8})*, and either & = (g; occur(T (), #)) e Z,
qE€Q,Z <€ (QU{N}), or Z = gaise. Since [ +1 > 1, express (#1, (p; 1)) =11
(waB, Z) as (#1, (p; 1)) k= (WuAyvz, Z7) k= (W'uzv'B, %), where w' € T*,
u € (N#(N# uT)*)*, A# € (N#U{{:‘}), z,v,v € (N# UT)*, z e (V-{#,%})",
wa = uzv', w = w', w € T*, and either 27 = (t;occur(7T(udyv), #)) ® Z',
te Q7 7' e (Q U {)‘})7 or ' = Qfalse-

By the induction hypothesis, p#$ =* x in M, where x = tw'7(uAxv)$z,
it ' = (t;occur(T(udgv),#)) @ Z', or x = quw' T(uAxv)%z, if Z’ = Galse,
and there is a rule 7: g4 — ¢'#3$ € R such that 7 is not applicable on Yy,
where ¢,¢' € Q, z = 2120423, YA € (V-X),Y # A, z1 € (X —{#,$})",
zo € (V—{A,#,8})*, and z3 € (V — {#,$})*.

Set k = occur(T(uAxv),#). Based on a forms of applied rules, G can
perform

(w'uAyvz, Z') = (Wuav' B, %)
according to the following cases:

Case 1 G performs (w'uAyvz, Z') = (Wuzv'B, Z) using (#+, (t; k) — (2, (q;
1)) € P, where z € T*. In this case, &' = (t; occur(T(udgv), #)) ¢ Z',
Z = {q;occur(T(uzv), #)) @ Z, Z' = Z = X, occur(7(u),#) = k — 1,
Ay = #,, v =, occur(7(v),#) = 0, and z = 5. Based on a con-
struction of P, there must be t . # — qr € R and therefore

tw' 7 (uAxv)$2 = qu'T(uzv)$z =* qur(a)$8

K—
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in M.

Case 2 G performs (w'uAyvz, Z') = (Wuzv'B, Z) using (#n, (t; k) — (z, (¢; K—
1;[r,1])) € P, where 1 < n < k-1, 2 € T* and r = t , # — quz.
In this case, &' = (t;occur(7(uAxv), #)) ¢ Z', & = (¢;x — 1) @ Z,
Z''= X\ Z = [r1], occur(T(u),#) = n—1, Ay = #,, v = v,
occur(7(v),#) =k —n, z =, and r € R. Thus,

tw' T (uA4v)$2 = qu'T(uzv)$z = qur(a)$8
in M.

Case 8 G performs (w'uAyvz, Z') k= (Wuxv' B, &) using (F#n+i, (t; k; [r,1])) —
(#nyi-1, ;s [r,e +1])) € P, where 1 < n <k, 1 <i < k—mn,
2<mn+1i<k,and r is a rule of the form ¢ ,# — tz’ with ¢’ € Q and
x’ € T*. In this case, Z’ = (t;occur(T(udyv), #)) o Z', & = (q;k) 0 Z,
t=gq,2" =ri], Z = [r,i+1], occur(7(u), #) = (n+i)—1, Ap = #p44,
x = #H#niio1, v =0, oceur(7(v),#) =k — (n+1), z =, and r € R.
Cleaﬂyv 7i(?‘%n-ﬁ-i) = 7i(?’%n—i—i—l) and then

tw' T (udgv)$z =% qu'T(uav)$z =" quT(a)$s
in M.

Case 4 G performs (w'uAgvz, Z') 1= (Wuzv'B, Z) using (#ut1, &k [r w —
n+ 1)) — (#«,(t;k)) € P, where 1 < n < k and r is a rule of
the form t' ,# — tz’ with ¢ € Q and 2’ € T*. In this case, &’ =
(t;occur(T(udAxv), #)) o Z', & = (g;k) @ Z, t = q, Z' = [r,k —n +
1], Z = X, occur(T(u), #) = k — 1, Ay = H#Hut1, © = #u, v = 0V,
occur(7(v),#) =0, z = 5, and r € R. Clearly, as in previous case,

tw' T(uAxv)$z =" qu'T(uzv)$z =* quT(a)$s
in M.
Case 5 G performs (w'uAgvz, Z') 1= (w'uzv'f, &) using
(#n, (t: 1) = (z,(¢; K)) € P

where 1 < n < k and * = z1#,22 with x1,22 € T*. In this case,
Z' = (t;occur(T(udpv),#)) ¢ 2/, & = (g;r) @ Z, Z' = Z = ),
occur(7(u), #) =n—1, Ay = #,, v =0, occur(7(v), #) = kK — n, and
z = (. Following the construction of P, there is arule ¢t ,# — ¢7(z) € R
and then

tw'T(uAgv)$z = qu'T(uzv)$z =* quT(a)$s
in M.
Case 6 G performs (w'udgvz, ') 1= (W'uzv'f, Z) using
(#n, (t; ) = (Fn, (G55 [r,1]) € P

where 1 < n < k and r is a rule of the form ¢t ,# — ¢z’ with¢' € Q, 2’ €
(2—{$})*, and occur(z’, #) > 2. In this case, &’ = (t; occur(T(uAxv), #))e
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Ay =z = F#,, v =0, occur(7(v),#) = k—mn, z = 0, and r € R.
Clearly,

tw'T(uAxv)$z =" qu'T(uzv)$z = quT(a)$8
in M.

Case 7 G performs (w'uAyvz, ') y= (Wuzv'B, Z) using (#w—, (t;K; [ i +
1)) = (Fwgn—i, t; 3 [ri+2])) € P,where0<i<rk—n—-1,1<n<

k — 1, r is a rule of the form ¢ ,# — ¢'z’ with ¢’ € Q, 2’ € (X — {$})*,

and occur(z’,#) > 2, and n = occur(a’,#) — 1. In this case, &' =

(t occur(T(udyv), #)) o Z', & = (g;k) ¢ Z, t = ¢, Z' = [r,i+ 1],

[[r i+ 2], occur(T(u), #) = (k — 1) — 1, Ay = #ni, T = Frtn—i,

v =1, occur(7(v), #) =14, 2 =5, and r € R. As T(Ay) = 7(z), it holds

tw' T(uAxv)$z =" qu'T(uzv)$z =* quT(a)$8
in M.
Case 8 G performs (w'uAyvz, ') 4= (w'uzv' B, %) using
(o (13 [ — i+ 1) = (@ (g 4 7)) € P

)
where 1 < n < k, z € (Np UT)*, n = occur(7(z),#) — 1, n > 1,
and r = t,# — ¢7(z). In this case, 2’ = (t;occur(T(uAxv), #)) o Z',
F=(gr+n)eZ, 7 =]r /€—7”L+1]] Z =, occur(f(u),#)—n—l
Ay = F#,, v =20, occur(T(v),#) =k —n,and z = . Asr € R, it is
clear that

tw'T(uAgv)$z = qu'T(uzv)$z =* quT(a)$s

in M.

Case 9 G performs (w'udyvz, Z') = (wuxv' B, &) using (#, (t; k) — (v, (¢; ki—

1)) € P, wherez € (V'—N4)*. In this case, Z’ = (t; occur(7(ud4v), #))e
7', Z =(gr—1)0Z Z' =Z = X occur(T(u),#) = k — 1, Ay = #.4,
z=v=v =¢, and 8 = yz. Following the construction of P, there is a
rule t#$ — ¢$y € R and then

tw' T (udgv)$z = qu'7(uzv)$yz =* quT(a)$B
in M.
Case 10 G performs (w'uAyvz, ') = (w'uxv'f, &) using
(A, {t; k) = (A, (& 5; [r,7]) € P

where A € (V' — Ny —T) and r is a rule of the form t$A4 — ¢/#$ with
¢ € Q. In this case, 2’ = (t;occur(7(uAxv), #)) 0 Z', & = (¢; k) ® Z,
t=q 2 =X\ Z=[n,Ap =z =¢,v=10,2 =0 = zAz,
21,22 € (V! = Nu)*, k +occur(z1,V/ = Nyx —T) < k—1, and r € R.
Hence,

tw'T(uAxv)$z =" qu'T(uzv')$8 =" quT(a)$8

in M.
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Case 11 G performs (w'uAyvz, Z') p= (W'uav'B, Z) using
(X, (& w; [, 7)) = (X, (6 55 [, X)) € P

where X € (V' — Ny —T) and 7 is a rule of the form t$A" — ¢'#$ with
A" € (VI=N4x—T)and ¢’ € Q. In this case, Z' = (t; occur(7(uAxv), #))e
7, ¥ =(gryeZ, t=q, 2 =7, Z=[rX],Ag =x=¢,v="0
z=0=2Xz,21 €T 20€ (V' =Ng)*, kK <k—1,and r € R. Hence,

tw'T(uAxv)$z =" qu'T(uzv')$8 =" quT(a)$8
in M.
Case 12 G performs (w'uAgvz, Z') = (w'uxv'f, &) using
Y, (&5 [ YD) = (Y graise) € P

where Y € (V' — Ny — T) and r is a rule of the form t$A" — ¢'#$
with A’ € (V' =Ny —T), A #Y, and ¢ € Q. In this case, &' =
(t;occur(T(uAyv), #))8Z', Z = Guaise, Z' =1, Y], Ap =z =¢,v =1/,
z = B = 21YZQA/23, 21 €T*, 29 € (V/ — N# — {A/})*, z3 € (VI — N#)*,
k 4+ occur(z1Y 20,V — Ny —T) < k—1,and r € R. With ¢ = ¢, it
follows that

tw' T (uAxv)$2 =" tw'7(uzv')$8 =" quT(a)$

in M and there is a rule 7: §8A’ — ¢'#$ € R such that r is not appli-
cable on quT(a)$.

Case 18 G performs (w'ulAgvz, Z') = (w'uxv'f, &) using
(A, {5 [ AD)) = (Frr, (Gr+1)) € P

where A € (V' — Ny —T) and r = t$A — ¢#3. In this case, &' =
(t;occur(T(udAyv), #)) o Z', £ = (g;r+ 1) e Z, Z' = [r,A], Z = A,
Ay =2 =€,V = v#ii1, and z = AB. Following the construction of
P, r € R and then

tw' 7 (uA4v)$2 = qu'T(uzv')$B =" quT(a)$p

in M.



