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Abstract

We introduce and discuss a concept of connectedness induced by an n-ary relation (n > 1
an integer). In particular, for every integer n > 1, we define an n-ary relation R, on the
digital line Z and equip the digital space Z> with the n-ary relation R;: obtained as a special
product of three copies of R,,. For n = 2, the connectedness induced by R;z coincides with
the connectedness given by the Khalimsky topology on Z3 and we show that, for every
integer n > 2, it allows for a digital analog of the Jordan-Brouwer separation theorem for
three-dimensional spaces. An advantage of the connectedness induced by R;z (n > 2) over
that given by the Khalimsky topology is shown, too.

Keywords n-ary relation - Connectedness - Digital space - Digital surface -
Jordan—Brouwer separation theorem

Mathematics Subject Classification 68U05 - 68R99 - 52C99

1 Introduction

In imaging applications, three-dimensional (3D for short) images play an increasingly impor-
tant role. One of the basic tasks in the study and processing of these images is to define digital
surfaces. Itis desirable that the surfaces satisfy digital analogs of certain properties of real sur-
faces (i.e., surfaces in the three-dimensional Euclidean space R?). In particular, we require that
they satisfy a digital analog of the Jordan—Brouwer separation theorem (cf. Greenberg 1967)
for 3D spaces, also known as the Jordan surface theorem (because it is a three-dimensional
extension of the Jordan curve theorem, which states that every simple closed curve in the
Euclidean plane divides the plane into exactly two connected components).
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As with the two-dimensional case (cf. Kong and Rosenfeld 1989; Rosenfeld 1979), the
classical approach to the problem in the three-dimensional digital space Z> is based on
employing adjacency relations (6- and 26-adjacency) to define connectedness. This approach
was used, for instance, in Morgenthaler and Rosenfeld (1981) where digital Jordan surfaces,
i.e., surfaces satisfying a digital Jordan—-Brouwer theorem, were introduced and studied (see
also Brimkov and Klette 2008; Kong and Roscoe 1985; Reed and Rosenfeld 1982). A disad-
vantage of the classical approach is that two kinds of connectedness have to be employed (6-
and 26-connectedness), one for the surface and the other for its complement. To overcome
this disadvantage, a new, topological approach was proposed in Khalimsky et al. (1990) using
just one connectedness, namely that provided by the Khalimsky topology. A digital Jordan-
Brouwer separation theorem for the Khalimsky topology on Z> was proved in Kopperman
et al. (1991) and digital Jordan surfaces with respect to the topology were studied in Melin
(2007).

In this note, we propose a new approach to defining digital Jordan surfaces, i.e., the
surfaces in Z> that satisfy a digital analog of the Jordan—Brouwer separation theorem for
3D spaces. While the classical approach is based on using binary (adjacency) relations to
introduce a connectedness in Z3, we employ n-ary ones. We show that every n-ary relation
(n > 1 an integer) on a set X induces a connectedness on X. Such a connectedness is
discussed. In particular, for every integer n > 1, we introduce an n-ary relation R, on Z
and study the connectedness induced by the n-ary relation R} on Z> obtained as a special
product of three copies of the relation R,. The connectedness induced by R% coincides
with that given by the Khalimsky topology on Z3. As the main result, we prove a digital
analog of the Jordan-Brouwer separation theorem for the digital space Z> equipped with the
(connectedness induced by the) relation RS where n > 2. This extends the results in §1apal
(2018) where a Jordan curve theorem was proved for the digital plane Z> equipped with the
n-ary relation R,Zl, n > 2. We show an advantage of the digital Jordan surfaces with respect to
the connectedness induced by Rﬁ (n > 2) over those with respect to the Khalimsky topology
on Z3. Our approach is somewhat similar to that used in Artzy et al. (2008) where, like in
the present paper, the digital surfaces introduced consist of faces of certain polyhedra.

2 Preliminaries

The present paper uses some techniques developed in Slapal (2018). To make it self-contained,
we repeat the relevant material from Slapal (2018) without proofs.

We will work with finite sequences, i.e., n-tuples (n a positive integer). Their terms will
always be indexed by non-negative integers. Thus, for instance, both (x;|i < n) and (x;| i <
n—1) will denote the sequence (xo, X1, ..., x,—1).If X isaset, then the sequences (x;|i < n)
with x; € X for every i < n are exactly the elements of the Cartesian product X" =
X x X x --- x X.Hence, the sequences correspond to the maps ¢ : {0, 1,...,n —1} > X

n—times
where ¢(i) = x; for all i < n. A sequence (x;| i < n) is said to be constant if the
corresponding map is constant, i.e., if x; = x; forall i, j < n.

Letn > 1 be an integer and X be a set. Recall that an n-ary relation R on X is a subset
R € X".The pair (X, R) is then called an n-ary relational system. We denote by Ag?) the n-
ary diagonal on X, i.e., the n-ary relation Ag';) = {(x;|i <n) e X"; (x;|i < n) is constant}.
For every n-ary relation R on X, we put R = R U Ag?). R is called the reflexive hull of R.
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Let R; be an n-ary relation on a set X; forevery j = 1,2,...,m (m > 1 an integer).
Recall that the Cartesian product of the relations R;, j = 1,2, ..., m, is the n-ary relation
[172; R; on the Cartesian product [[7_; X; of the sets X;, j = 1,2,...,m, given by

l—[;f':] R; = {((xil,xl.z, wn XM < n); (xij| i <n)e Rjforevery j =1,2,...,m}. We
put @', R =[]}, R;— A;") where ¥ = []}_; X and call the n-ary relation @’;_; R;
on ]_['1":1 X the strong product of Rj, j = 1,2,...,m.

If X; =Xand R; = R forevery j = 1,2,...,m, we write R instead of ®;fl=1 R;.

Remark 1 1f R; is an n-ary relation on a set X ; for every j = 1,2, ..., m, then we clearly
have ®'}1=1 .Rj = {((xil, xiz, R x;")li < n); there is a nonempty subset J C {1, 2, ..., m}

such that (xl.’ |i <n)eR;forevery j € J and (xl.j | i < n)is a constant sequence for every
jef{l,2,...,m}—J}.

Given an n-ary relation R on a set X, we put
R* = {(xi]i < m); (xji]i <m) € X"+ 0 < m < n, and there exists (yili <n)eR
such that x; = y; forevery i < m or x; = y,,—; forevery i < m}.
The elements of R* will be called R-initial segments. Thus, the R-initial segments are initial
parts of the n-tuples belonging to R directed according to the n-tuples or conversely.

Definition 1 Let R be an n-ary relation on a set X. A sequence C = (x;|i <r),r > 0an
integer, of elements of X is called an R-walk if there is an increasing sequence (ix| kK < p)
of non-negative integers with ip = 0 and i, = r such that iy — iy < n and (x;] ix—1 <
i <ir) € R* forevery k with0 < k < p. An R-walk C = (x;| i < r) is called an R-path
if its members are pairwise different; it is called an R-circle if, for every pair of different
non-negative integers ig, i1 < r, xj, = X;, is equivalent to {ig, i1} = {0, r}.

Definition 2 Let R be an n-ary relation on a set X. A set Y C X is said to be R-connected if
any two different elements x, y € Y can be joined by an R-walk contained in Y (i.e., there is
an R-walk (x;| i <r) with {x;| i <r} C Y such that xo = x and x, = y). A maximal (with
respect to set inclusion) R-connected set is called an R-component.

Note that, given an n-ary relation R on a set X, every R-initial segment is R-connected.
Of course, the union of a finite sequence of nonempty R-connected sets is R-connected if
the intersection of every consecutive pair of sets in the sequence is nonempty. In particular,
every R-walk is R-connected.

If Ris an n-ary relationon aset X and ¥ C X, then there is an n-ary relation on Y induced
by R, namely R NY". The relational system (Y, RN Y") is then called an induced relational
subsystem of (X, R) and is denoted by Y for short. If a subset A € Y is R N Y"-connected
oris an R N Y"-component, then we briefly say that it is R-connected or an R-component,
respectively. And we say that Y separates X into exactly two R-components if the subset
X — Y of X has exactly two R-components.

We will need the following statement (Theorem 3.5) proved in glapal (2018).

Proposition 1 Let R; be an n-ary relation on a set Xj and Y; C X; be a subset for every
Jj=12,....,m(m > 0aninteger). If Y; is Rj-connected for every j = 1,2, ..., m, then
&'1_1 ¥ is [T}, Rj-connected.

As usual, two n-ary relational systems (X, R) and (Y, S) are said to be isomorphic if there
exists a bijection f : X — Y such that, for every (x;|i < n) € X", (xij|i <n) € R &
(f(xi)i<n)es.
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Fig.1 A portion of Ry, e -
-3(n-1)-2(n-1) -(n-1) 0 n-1 2(n-1) 3(n-1)
Fig.2 A portion of R,2, 4(n-1)
3(n-1)
2(n-1) t ]
n-1
0 n-1 2(n-1) 3(n-1) 4(n-1)

3 Relation-induced connectedness in digital spaces

In the sequel, n > 1 will be an integer and R, will denote the n-ary relation on Z given as

follows:

R, = {(xj| i < n); there exists an odd integer k such that x; = 2k +i foralli < norx; =

2k — i foralli < n}.

The n-ary relation R, is demonstrated in Fig. 1 where the n-tuples belonging to R, are

represented by line segments directed from the first to the last members of the n-tuples.
Since Z is evidently R,-connected, Proposition 1 implies:

Theorem 1 Z™ is R} -connected for every positive integer m.

The relation R,zl is demonstrated in Fig. 2 where, as in Fig. 1, the n-tuples belonging to Rz
are represented by line segments directed from the first to the last members of the n-tuples.
But, of the n-tuples ((x;,[)| i < n) € R,% such that [ € Z and there exists an odd integer k
satisfying y; = 2k +i foralli < nory; = 2k —iforalli < n, only those with/ = m(n —1)
for some m € Z are displayed. Similarly, of the n-tuples ((k, y;)| i < n) € R% such that
k € Z and there exists an odd integer [ satisfying x; = 2/ 4 i foralli < n or x; = 2] — i for
alli < n, only those with k = m(n — 1) for some m € Z are displayed in Fig. 2. In other
words, between any two neighboring parallel horizontal or vertical directed line segments
(with the same direction), there are n — 2 more line segments parallel to them and having the
same direction, which are not displayed.

The RY'-connectedness in Z™ coincides with the connectedness with respect to the Khal-
imsky topology on Z™ for every integer m > 0. A digital Jordan curve theorem for the
Khalimsky topology on Z2 and a Jordan-Brouwer separation theorem for the Khalimsky
topology on Z3 were proved in Khalimsky et al. (1990) and Kopperman et al. (1991), respec-
tively. A Jordan curve theorem for the relational systems (Z?, R2), n > 2 an integer, was
proved in Slapal (2018). In the sequel, we will focus on proving a digital Jordan-Brouwer
separation theorem for the n-ary relational systems (73, R;}) where n > 2. Therefore, from
now on, n will denote an integer with n > 2.

Definition 3 Each of the following subsets of Z? will be called an R2-fundamental triangle:

L {(x,y) €Z% 2k(n—1) <x < k+2)(n—1), 2l(n—1) < y < x+ QL —2k)(n—1)},
k,leZ,
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2.{(x,y) € Z% 2k(n—1) < x < @k+Dm—1), x+ @ -2k)n—1) <y <
QRI+2)(n— 1D}, k,1eZ,

3. {(x,y) e 7% 2k(n—1) < x < 2k+2)(n—1), 2l(n—1) < y < (2k+2[42)(n—1)—x},
k,leZ,

4. {(x,y) € Z* 2k(n—1) <x < Qk+2(m—1), Ck+2+2n—-1)—x <y <
QRI+2)(n— D}, k, 1l € Z.

Every R,% -fundamental triangle has the form of a digital rectangular triangle having 2n> —n
points. If we define Rﬁ—fundamental squares to be the sets {(x, y) € 72, 2kn—1) <x <
Rk+2)(n—1),2l(n—1) <y < lI+2)(n — 1)}, k,l € Z, then every R,zl-fundamental
triangle is one of the two (digital) triangles obtained by splitting an R2-fundamental square
along one of its two diagonals—cf. Fig. 2.

The following statement follows from (the proof of) Theorem 4.7 in Slapal (2018).

Lemma1 Every R,zl -fundamental triangle is R% -connected and so is every set obtained from
an R,zl—fundamental triangle by deleting some of its sides.

Since every R,% -fundamental square is the union of a pair of fundamental triangles having a
common hypotenuse (which is a diagonal of the square), Lemma 1 is valid for R,zl -fundamental
squares as well.

Now, we will switch from Z? to Z3. Clearly, the coordinate planes xy, xz, and zy, when
regarded as the induced relational subsystems of (Z3, Rz ), are isomorphic to (72, R,%). The
same is true for the digital planes {(x, y, 2k(n—1)); (x,y) € Zz}, {(x,2k(n—1),2); (x,y) €
72}, and {(2k(n — 1), v,2); (x,y) € Z?*} where k € 7 (these planes may be obtained by
shifting the coordinate planes along the coordinate axes perpendicular to them).

Definition 4 A subset B C Z3 will be called an R}-fundamental triangle if:

1. There is an Rﬁ—fundamental triangle A in the coordinate plane xy and an integer k € Z
such that B = {(x, y,2) € Z3; (x, y) € Aand z = 2k(n — 1)} or

2. There is an R2-fundamental triangle A in the coordinate plane xz and an integer k € Z
such that B = {(x, y,z) € Z%; (x,2) € Aand y = 2k(n — 1)} or

3. There is an R,%-fundamental triangle A in the coordinate plane yz and an integer k € Z
such that B = {(x, y,2) € VAR (y,2) € Aand x = 2k(n — 1)}.

Proposition 2 Every Rg-fundamental triangle is Rg-connected and so is every set obtained
from an Rﬁ -fundamental triangle by deleting some of its sides.

Proof Clearly, every R}-fundamental triangle T is obtained by shifting an R;-fundamental
triangle Tp lying in a coordinate plane along the coordinate axis perpendicular to the plane
such that the coordinates of all points of the shifted triangle with respect to the axis equal
2k(n—1),k € Z. Thus, the triangles T and Ty (regarded as the induced relational subsystems
of (23, RS )) are isomorphic. Obviously, Ty is also isomorphic to an Rﬁ-fundamental triangle
(obtained by deleting, from the points of Tp, the (0-valued) coordinates with respect to the
axis perpendicular to the plane containing 7p), which is R,%—connected by Lemma 1. Hence,
Ty is R,% -connected and, therefore, T is Rﬁ-connected, too. ]

It is clear which points are vertices and which sets of points (digital line segments) are
sides of an R>-fundamental triangle.

For our convenience, we define the concept of an R}-fundamental square to be any of the
following subsets of Z3:
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L {(x,y,2) € Z% 2k(n—1) <x < 2k+2)(n—1), 2i(n—1) <y < QI+2)(n—1), z =
2m(n — D}k, 1, m € 7Z,

2. {(x,y,2) €2 2k(n—1) <x < Qk+2(n—1), y=2l(n—1), 2m(n—1) <z <
Cm+2)(n— D}k, I,m € Z,

3.{(x,y,2) €23 x=2k(n—1),20n - 1) <y < QRI+2)(n—1), 2min — 1) <z <
Cm+2)(n— D}k, I, m € Z.

Remark 2 Clearly, Rg -fundamental squares are digital squares with (2n — 1)2 points. They
are exactly the unions of pairs of RS—fundamental triangles having a common hypotenuse.
Therefore, by Proposition 2, every R>-fundamental square is R}-connected and so is every
set obtained from an RS -fundamental square by deleting some of its sides.

Definition 5 Each of the following subsets of Z> will be called an R,31 -fundamental rectangle:

1. {(x,y,2) € Z% 2k(n—1) < x < 2k+2)(n—1), y = x+Q2I-2k)(n—1), 2m(n—1) <
72<Cm+2)(n— D}, k,l,meZ,

2. {(x,y,2) €Z3 2k(n—1) <x < Qk+2)(n—1), y = Qk+2l+1)—x, 2m(n—1)
z<Cm+2)(n—D}k,I,meZ,

3. {(x,y,2) € 2% 2k(n—1) <x < k+2)(n—1), 2l(n—1) <y < QI+2)(n—1), z =
x4+ Q2m=2ky(n — )}, k,l,m € Z,

4. {(x,y,2) € Z% 2k(n—1) <x < 2k+2)(n—1), 2(n—1) <y < Q+2)(n—1), z =
QRk+2m+1)—x}Lk,l,meZ,

5. {(x,y,2) €Z% 2k(n—1) <x < 2k+2)(n—1), 2l(n—1) <y < Q+2)(n—1),z =
y+ QCm—=20)(n— D}, k,I,meZ,

6. {(x,v,2) €Z% 2k(n—1) <x < Rk+2)(n—1), 2ln—1) <y < QI+ (n—1), z =
Ql4+2m+1)—yLk, 1, meZ.

IA

Every Rz—fundamental rectangle D has (2n — 1)2 points and has the form of a digital
rectangle perpendicular to a coordinate plane such that the angle between D and each of
the other two coordinate planes is %. If we define R>-fundamental cubes to be the sets
{((x,y,2) € 2% 2k(n—1) <x < Qk+2(m—1), 2(n—1) <y < Q2 +2)(n —
D, 2mn—1) <z<2m+2)(n—1)},k,l,m € Z, then every Rg-fundamental rectangle
is obtained as the intersection of an R;}—fundamental cube and the (digital) plane that is
perpendicular to a face of the cube and contains a (digital) diagonal of the face. Thus, it is
clear which points are vertices and which sets of points (digital line segments) are sides of
an R}-fundamental rectangle. Note also that the R;-fundamental squares are nothing but the
faces of R;f—fundamental cubes.

An Rg-fundamental cube and an Rﬁ—fundamental rectangle are demonstrated in Fig. 3
where only the points on the edges of the cube and those on the sides of the rectangle are
visualized (the latter are ringed). The faces of the cube represent six R;-fundamental squares
and, on each of the two horizontal faces, a pair of RS -fundamental triangles is demonstrated

by dividing the face by one of its two diagonals.

Proposition 3 Every RS -fundamental rectangle is R;-connected and so is every set obtained
from an Rﬁ -fundamental rectangle by deleting some of its sides.

Proof Consider an R,Sl—fundamental rectangle satisfying condition (1) in Definition 5 and
denote it by D. Clearly, putting f(x,y,z) = (0,y,2) and g(x,y,z) = (x,0, z), we get
bijections of D onto the Rﬁ-fundamental squares Hy,, = {(0, y,z2) € 73 20n—1) < y <
Q2I+2)(n—1), 2m(n—1) <z < 2m+2)(n—1)}and Hy, = {(x,0,2) € Z3: 2k(n—1) <
x < Rk+2)(n—1), 2m(n — 1) < z < 2m + 2)(n — 1)}, which are contained in the

@ Springer f bMA



A 3D digital Jordan-Brouwer separation theorem Page70of 10 211

Fig.3 An R%-fundamental cube (4k,41,4m+4) (4k,414+-4,4m+4)
and an Rg -fundamental rectangle

(4k+4,41,4m+4)

(4k,414-4,4m)

(4k+4,41,4m) (4k+4,41+4,4m)

coordinate planes yz and xz, respectively. Evidently, for every n-tuple ((x;, yi, zi)| i < n)
with (x;, yi, zi) € Z> whenever i < n, we have ((x;, yi,z;)| i < n) € R} if and only if
both ((0, y;, zi)| i < n) € Rﬁ and ((x;,0,z;)|i <n) € R,f (where (0, y;, z;) belongs to the
coordinate plane yz for every i < n and (x;, 0, z;) belongs to the coordinate plane xz for
every i < n). In particular, for an n-tuple ((x;, yi, z;)| i < n) with (x;, yi, z;) € D for every
i <n,wehave ((x;, yi,2)| i <n) € R} ifand only if both (f(x;, yi,z;)| i <n) € R} and
(g(xi, yi,zi)|i <n) € Ri (note that f(x;, yi, z;) € Hy; foreveryi < n and g(x;, yi, z;) €
H,,foreveryi < n).Sincegof~!: Hy, — Hy;and fog ™' He, — Hy, areisomorphisms
(inverse to each other), for every n-tuple ((x;, yi, zi)| i < n) with (x;, yi, z;) € D whenever
i < n,wehave (f(xi,yi,z)|i < n) € R; if and only if (g(x;, yi,zi)| i < n) € Rﬁ.
Therefore, both f : D — Hy; and g : D — H,, are isomorphisms. Since, by Remark
2, each of the Rg—fundamental squares Hy, and H,; is Rg—connected and so is every set
obtained from the R;j-fundamental square by deleting some of its sides, the same is true
for the R}-fundamental rectangle D. For an R}-fundamental rectangle satisfying any of the
conditions (2)-(6) in Definition 5, the proof is analogous. O

Definition 6 A subset P C 7> will be called an Rﬁ-fundamental prism if:

1. There is an R2-fundamental triangle A in the coordinate plane xy and an integer k € Z
such that P = {(x, y,2) € Z3; (x,y) € Aand 2k(n — 1) <z < 2k +2)(n — D)} or

2. There is an R,%—fundamental triangle A in the coordinate plane xz and an integer k € Z
such that P = {(x, y,z) € Z3; (x,z) e Aand2k(n — 1) <y < 2k +2)(n — 1)} or

3. There is an R2-fundamental triangle A in the coordinate plane yz and an integer k € Z
such that P = {(x, y,2) € Z3; (y,z) € Aand 2k(n — 1) < x < 2k +2)(n — D)}.

Clearly, every R?-fundamental prism has the form of a digital triangular prism with n(2n —
1)2 points such that two of its faces are RZ -fundamental triangles, another two are R,Sl—
fundamental squares and one face is an R>-fundamental rectangle. In other words, each R; -
fundamental prism is one of the two (digital) prisms obtained by splitting an R;-fundamental
cube along a plane perpendicular to a face of the cube and containing a diagonal of the face.
Thus, every R,Sl -fundamental cube gives rise to 12 different RE’L -fundamental prisms and the
cube is the union of any pair of them having a common face (which is an R,3l -fundamental
rectangle).

Proposition 4 Every R>-fundamental prism is R-connected and so is every subset of 7
obtained from an R;f -fundamental prism by removing some of its faces.

Proof Consider the fundamental prism P = {(x, y,z) € Z%; 2k(n—1) < x < Qk+2)(n —
D,2ln—1) <y <x+QI-2k)(n—1), 2m(n—1) <z < 2m+2)(n—1)} wherek =1 =
m = 0. Then, P is the union of the 2n — 1 digital triangles obtained as the intersection of P
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with the digital plane (parallel to the coordinate plane xy) {(x, y, z) € 7Z3; 7z =k}, where k is
one of the integers 0, 1, ..., 2n —2. Each of the 2n — 1 triangles is isomorphic to (is obtained
by shifting along the axis z of) the Rﬁ—fundamental triangle (0, 0)(2n —2,0)(2n —2,2n—2)
in the coordinate plane xy, which is R,%-connected by Lemma 1. Therefore, each of the 2n — 1
triangles is R>-connected. The same is true for every set obtained from any of the triangles by
removing some of its sides. Put C = ((2n—3,1,0), 2n—3,1,1),(2n—3,1,2),...,(2n—
3,1,2n — 2)). Since both (2n —3,1,n—1),2n —3,1,n —2),...,(2n —3,1,0)) and
(@n—3,1,n—1),2n—3,1,n),...,(2n —3,1,2n —2)) belong to R>, C is an R}-path.
Thus, C is R}-connected. Clearly, C meets each of the 2n — 1 triangles and is contained
in their union and the same is true even if some of the sides of the triangles are removed.
Consequently, the fundamental prism P (which is the union of the 2n — 1 triangles) is
connected and the same is true if some of the faces of the prism are removed. If some of the
integers k, [, m differ from 0, the proof is much the same. Thus, the statement is valid for the
RS -fundamental prisms satisfying condition (1) in Definition 6 where the Rﬁ—fundamental
triangle A satisfies condition (1) in Definition 4. For all the other cases of R?l -fundamental
prisms, the proofs may be done along similar lines. O

Definition 7 By an RS—Jordan surface, we understand every R;f -connected set S = J F,
where F is a finite nonempty set such that every element of F is an Rf,-fundamental triangle
or an R}-fundamental rectangle and the following two conditions are satisfied:

1. For every pair Fy, F, € F of distinct elements, F1 N F, is an empty set or a singleton
containing a common vertex of F; and F, or a common side of of F| and F>.

2. For every F| € F,if E is a side of F, then there exists exactly one F, € F, F| # F>,
such that E is a side of F».

Thus, every R; -Jordan surface consists of R; -fundamental rectangles, triangles and squares
(the latter being unions of pairs of R,31 -fundamental triangles having a common hypotenuse).

Theorem 2 (3D Digital Jordan—Brouwer Separation Theorem) Every R,f -Jordan surface S
separates 7> into exactly two RS -components and the union of S with each of them is Rs-
connected.

Proof Let S = |JF be an R}-Jordan surface. Then, it is evident that S is a polyhedral
surface, i.e., the union of all faces of a polyhedron T C 73, By Definition 7, if D € T
is an R;—fundamental rectangle, then 7 contains (as a subset) at least one of the two Rfl—
fundamental prisms having D as a side. Consequently, 7 may be expressed as the union of a
(finite) sequence of pairwise different R}-fundamental prisms such that any two of them are
disjoint or meet in just one face in common and every R;z -fundamental prism in the sequence,
except for the first one, has a face in common with at least one of its predecessors. However,
the set U = (Z3 — T) U S, too, may be written as the union of such an (infinite) sequence of
R>-fundamental prisms. By Proposition 4, T, T — S, U, and U — S are R>-connected.

It is easy to see that every Ri—walk C = (zi|i < k), k > 0 an integer, joining a point of
T — S with a point of U — S meets S (i.e., meets an Rf,-fundamental prism face contained in
S). Thus, the set Z3 — § = (T — §) U (U — S) is not Rﬁ-connected. Hence, T — Sand U — S
are RS -components of the subspace Z> — S of (Z3, R}), T — S finite and U — S infinite, with
T and U Rz—connected. O

By the proof of Theorem 2, every R>-Jordan surface is the surface of the polyhedron P
that is the union of a finite set F of RS -fundamental prisms such that any two of them are
disjoint or intersect at a single vertex, in a single edge or a single face. Since the union of
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Fig.4 An R%-Jordan surface (0,4,16) (12,0,16)
(0,4,16) (12,4,16)
-
N
<
(0.0,0) \\ (12,00
(0,4,0) (12,4,0)

a pair of Ri—fundamental prisms with a common face that is an Rﬁ-fundamental rectangle
is an R3-fundamental cube, 7 may be regarded as the union of R>-fundamental prisms and
RS -fundamental cubes (if any).

4 Conclusion

We have found a connectedness structure for the digital space Z>, namely the relation Rg
(n > 2 an integer), which can be used to obtain a 3D digital Jordan—Brouwer separation
theorem (Theorem 2). An advantage of the R,%—Jordan surfaces introduced over the Jordan
surfaces with respect to the Khalimsky topology on Z> proposed in Kopperman et al. (1991)
is that pairs of plane segments (RS—fundamental squares and rectangles) of an Rg—Jordan
surface may meet at the acute angle %. The advantage is demonstrated in Fig. 4 by an Rg’—
Jordan surface in Z3 that is a digital image of the letter K. In the figure, only the points on the
edges of the surface are visualized. The RS—fundamental squares, triangles and rectangles of
which the surface consists are emphasized by their sides represented as line segments. These
line segments are the edges of the R>-fundamental cubes and prisms whose union is the
polyhedron with the surface being the Rg -Jordan surface demonstrated. This surface is not
a Jordan surface with respect to the Khalimsky topology on Z3 in the sense of Kopperman
et al. (1991), because there are four pairs of plane segments of the surface meeting at the
angle Z—the four meeting digital line segments are denoted by the bold dots in the figure.
Thus, the relation Rﬁ provides a connectedness structure convenient for the study of three-
dimensional digital images that allows for a richer variety of digital Jordan surfaces than the
Khalimsky topology does.
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